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LONG-DURATION STATION-KEEPING STRATEGY FOR
CISLUNAR SPACECRAFT FORMATIONS

Ethan Foss ; Yuji Takubo ; and Simone D’Amico *

This paper demonstrates a novel guidance and control strategy for cislunar near-rectilinear
halo orbit formation-keeping applied to high-fidelity dynamics. Bounded relative motion
is constructed about long-duration ephemeris trajectories with osculating invariant circles
to form quasi-periodic relative orbits. State-of-the-art absolute control strategies are paired
with a simple and effective relative control feedback law. Finally, a control barrier function
is implemented to ensure recursively passively-safe bounded relative motion under feedback
in the presence of possible missed maneuver events for the duration of the formation flight.
The strategy is verified in high-fidelity simulation environments through Monte Carlo trials.

INTRODUCTION

Deployment of Distributed Space Systems (DSS) in cislunar orbits has been gaining interest following re-
newed attention in the exploration and economic activity of cislunar space. In anticipation of the deployment
of NASA’s Gateway Station in a near-rectilinear halo orbit (NRHO) around the Earth-Moon L5 libration
point,! development of DSS technologies, including swarming, formation flight, rendezvous, proximity op-
erations, and docking (RPOD) requires further attention. In particular, long-term spacecraft swarming that
performs bounded relative motion has the possibility to expand future space mission concepts. However, due
to the chaotic nature of the dynamical system around the Moon, traditional guidance, navigation, and con-
trol (GN&C) algorithms that are tailored for the relative motion in perturbed Keplerian dynamics (e.g., Low
Earth Orbit (LEO), Geostationary Orbit (GEQ)) are not directly applicable to GN&C systems for cislunar
DSS. For example, the 9:2 Southern Ly NRHO, which has received special interest for cislunar missions due
to its increased stability, near-constant line-of-sight to Earth, and advantageous position for lunar and scien-
tific operations, still offers numerous unexplored challenges for cislunar DSS, notably fully unstable relative
motion.

In LEO, where the majority of distributed space systems have been deployed, the gravitational attraction
of the Earth dominates other perturbative accelerations, such as those induced by gravitational harmonics,
solar radiation pressure, third body gravitation, and drag. This favorable property means that trajectories in
these regimes are not significantly perturbed, allowing for the applicability of low-fidelity models (i.e., the
restricted two-body problem), for which semi-analytical solutions exist, and which offer numerous dynamical
insights. Indeed, the existence of analytical relative motion models in near-earth orbits relies on the fact that
absolute motion can be semi-analytically described.” In contrast, low-fidelity models of spacecraft dynam-
ics in cislunar space, such as the CR3BP, have not thus far produced similar levels of dynamical insight for
absolute and relative motion. These models, which are non-linear and non-integrable, have not been found
to admit analytical solutions. As a result, no exact and analytically available form for relative motion about
periodic solutions has been found in these simplified models. Furthermore, simplified models perform sig-
nificantly worse in describing true spacecraft motion in cislunar space, as a result of the stronger perturbative
effects relative to the gravitational attraction of the primaries. For example, the assumption of circularity
of the Earth-Moon orbit is a source of significant model error in the CR3BP, since the Moon’s orbit of the
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Earth is non-negligibly eccentric and wobbling (e~ 0.0255 to 0.0775).> Another large source of model
error arises from solar gravitation. Inclusions of these effects, namely in the elliptical-restricted three-body
problem (ER3BP) or the bi-circular restricted four-body problem (BCR4BP),* are still too oversimplified to
describe orbital motion in cislunar space with sufficient levels of accuracy necessary for many applications.

Additionally, many orbits of interest in cislunar space are fully unstable (their state transition matrices
contain eigenvalues outside of the unit circle),” in contrast to Keplerian orbits, which are only marginally
unstable (their state transition matrices contain repeated eigenvalues on the unit circle).® This means that
spacecraft will diverge from a reference trajectory at an exponential rate (in Keplerian orbits, trajectories
diverge at a linear rate). As a result, any spacecraft in these orbits will need to frequently apply absolute and
relative station-keeping maneuvers to maintain its orbit. In contrast, many spacecraft missions in LEO which
do not demand high levels of absolute positioning accuracy can orbit the Earth for long-durations without
requiring any absolute orbit station-keeping.

As a result of the aforementioned perturbative nature of cislunar space, the design of absolute motion in
cislunar orbits typically leverages procedures whereby trajectories are first designed in a low-fidelity model,
which is easier to work with, provides dynamical insights, and admits periodic solutions, and then converged
in a high-fidelity model, which includes perturbative effects and uses an ephemeris to accurately determine
the locations of celestial bodies, to remove dynamical infeasibilities. This procedure is commonly used
to generate long-duration baseline trajectories in the vicinity of periodic solutions of the CR3BP,*7 and
is similar to procedures used for some absolute station-keeping techniques in near-Earth orbit, such as for
Tandem-X and Terra-SARx.®? For many orbits of interest in the cislunar regime, this procedure serves as the
basis for absolute orbit station-keeping.

Several solution techniques have been proposed for performing absolute orbit control in cislunar orbits. %!

Absolute orbit control is typically divided into long and short horizons,'? wherein long-horizon uncontrolled
trajectories are generated in a high-fidelity ephemeris model (HFEM), using the aforementioned procedure of
transitioning trajectories, and short-horizon correction maneuvers are performed to clean up dispersions along
the long-duration reference trajectory. One of the most popular approaches, known as x-axis crossing,'? has
been operated on the CAPSTONE mission'? and has been studied for use in Gateway station-keeping.'? It
involves solving for the impulsive maneuver that targets an x-axis crossing of the reference trajectory several
revolutions from the current time. Other approaches, which all involve an HFEM reference, involve full-state
feedback model predictive control,'* chance-constrained feedback control design with missed-thrust events,
and local eigenmotion control.'®

Relative motion control about periodic orbits of restricted multi-body problems has also been investigated
and is typically described through linear dynamical models. In particular, Ref. 17 derives a relative motion
model that utilizes local toroidal coordinates to describe spacecraft relative motion and demonstrates its
use for station-keeping under high-fidelity dynamics for up to 10 revolutions in the vicinity of a Sun-Earth
L libration point Halo orbit. Ref. 18 extends these techniques by describing relative motion in a velocity-
normal-binormal (VNB) frame and applying relevant optimal control techniques to local toroidal coordinates.
The VNB frame is also utilized in Ref. 19, in which approach trajectories are generated in modal coordinates
by perturbing stable modes of the eigensystem. Other studies simply leverage cartesian coordinates, such as
Ref. 20, which demonstrates continuous-thrust linear quadratic regulation in relative dynamics under relative
navigation. Refs. 18 and 21 represent one of the few deployments of relative control of swarms under HFEM
dynamics, though a key finding of these works is that the controller dynamics model error induces large
dispersions and raises 1 expenditure.

Though absolute-relative formation-keeping in Keplerian regimes has been demonstrated, such as in the
case of TANDEM-X,%° no works have comprehensively formalized a strategy of formation-keeping in multi-
body systems that considers the realistic conditions that present considerable difficulty to the success of
formation flight in cislunar space. The HELIOSWARM mission? involves 9 agent formation flight in a
cislunar 2:1 mean motion resonance orbit. However, this orbit offers favorable stability properties and still
leverages two-body relative motion models (i.e., the Yamanaka Ankersen STM??), meaning many of the
station-keeping strategies leveraged by this mission are not extendible to a broad range of cislunar orbits. To



the knowledge of the authors, relative orbit generation about NRHOs, which has been performed in simplified
dynamical models like the CR3BP, ER3BP, and BCR4BP?! has not been demonstrated about non-periodic
high-fidelity reference trajectories, which allow for significantly lower V' expenditure over long durations.
Additionally, perturbative effects to the relative motion induced by maneuver execution error and missed
maneuver events in absolute control has not been considered in relative control contexts. Finally, many
studies of spacecraft relative motion in cislunar space do not provide guarantees of passive safety under the
possibility of missed maneuvers.

This work presents a novel strategy for cislunar formation flight that produces bounded absolute motion
about near-rectilinear halo orbits and bounded relative motion of multi-agent formations with guarantees of
passive safety. The strategy is simulated under realistic conditions with high-fidelity dynamics, maneuver ex-
ecution error, missed maneuver events, and navigation uncertainty. By enforcing passive safety with a control
barrier function (CBF), the strategy allows for decoupled and modularized computation of the absolute and
relative control while efficiently and robustly enforcing formation safety. The resulting strategy produces low
total V expenditure on the order of 1 meter per second per agent per year, comparable to V" expenditures
of single spacecraft station-keeping.

DYNAMICAL MODELS

Absolute motion of spacecraft in the cislunar regime can be described at varying levels of fidelity. This
work leverages the CR3BP and a high-fidelity ephemeris model (HFEM) to describe spacecraft motion in this
regime. Moreover, relative motion models can be constructed about reference trajectories of the two models.

CR3BP Dynamics

The CR3BP is frequently used to model spacecraft motion in cislunar space. It makes several assumptions
to simplify resulting equations of motion, namely circular motion of the primaries and negligible third body
(spacecraft) mass. Additionally, states are normalized by characteristic lengths and times and expressed in a
synodic frame. The resulting equation of motion is

r= 22 r+r . (1)
is the pseudo-potential of the CR3BP, given by
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where £ is a mass ratio constant associated with the two primaries and r; and ro denote distances to the first
and second primary respectively.

HFEM Dynamics

High-fidelity dynamical models are used to construct long-duration trajectories and verify resulting control
schemes. The equations of motion are expressed in a Moon-fixed normalized rotating frame.* This results in
the equation of motion

r=M> Mr 2Mr+R B . 3)

Here, M is a direction cosine matrix constructed from ephemeris positions and velocities of the two primaries
that describes the rotation from the inertial frame to the synodic frame. B is the acceleration of the Moon in
the inertial frame, and R is the acceleration of the spacecraft in the inertial frame, which can be modeled with
gravitational accelerations from the primaries (e.g. Earth, Moon), additional gravitational perturbations (e.g.
Sun, Venus), and possibly solar radiation pressure and gravitational harmonics. Relevant ephemeris data is
obtained from SPICE.?*



Relative Motion Dynamics

Linear relative dynamics can be produced by taking a rst order approximation of the absolute dynamics
about a reference trajectory. Left) be a reference trajectory which is a solution to the set of equations of
motionx (t) = f (x(t);t). If x(t)=[ r(t)'; v(t)!] is de ned with respect to (t) then

x()=f(C O+ x@) f 1): 4)
Taking the rst-order variation aboutx (t) = 0 gives
x(t)  A(t) x(t) 5)

whereA(t) , % © is the Jacobian of the absolute dynamics evaluated at the reference trajectory. The
t

state transition matrix (STM) can also be constructed to provide a discrete form of the relative motion model
with
Ltto)= A()( tto); (tosto)= I (6)

This approach to the construction of the relative motion dynamics is agnostic to the absolute dynamics,
meaning this approach is valid for both the CR3BP and HFEM dynamics. However, this relative motion must
be numerically integrated, and has no analytical solution, unlike for Keplerian re§imes.

Coordinate Frames

Expressing the relative motion in different coordinate frames can often provide additional insight into
underlying dynamical structure. Relative motion in Keplerian regimes is often expressed in LVLH frames.
A popular approach for cislunar regimes is to express relative motion in a velocity-normal-binormal (VNB)
frame (see Refs. 18, 19), where axes are aligned with the along track velocity and moon angular momentum
directions (also sometimes referred to as a velocity-normal-conormal (VNC) #amieet the reference
trajectory be decomposed into its positions and velocities, i) = [r L, (t); Vi, ()] and letr ysyn be
the position of the moon with respect to the system origin. A transformation from a relative position in the
synodic frame to the VNB frame can be performed with

Freyn () = R(t) rvne (1); R(t)= R ¢ 2 @)
R kvsyn (t); V k(Vsyn (t) (rsyn (t) rM;syn ))- 2=2 9:

ABSOLUTE AND RELATIVE MOTION GENERATION
Absolute Trajectory

Performing long-duration formation-keeping relies upon the generation of
reference trajectories to be tracked by a spacecraft. For absolute motion, this is
typically done by taking a periodic orbit in a lower delity model (e.g., CR3BP),
and performing numerical continuation to a HFENE Ephemeris trajectories
are generated by stacking the apoapsis node of a CR3BP orbit for the desired
number of revolutions and converging the initial guess in the HFEM with a mul-
tiple shooting scheme. Fig. 1 shows an example of a 50 revolution ephemeris
trajectory generated in the vicinity of a 9:2 NRHO from the CR3BP. For more
details on trajectory generation in ephemeris models, see Refs. 7,12.

Figure 1. HFEM trajec-

Relative Orbit Reference Generation tory near the 9:2 NRHO, gen-

The generation of bounded relative motion between multiple spacecraﬁaﬁegdlﬁogrfogp%:g ;rf dzvei%r?-

Keplerian orbits simply relies on the satisfaction of the energy matching cgj); gravitational perturba-
dition, that is, the orbits of interest have equal semi-major &&®r cislunar tions. patch points (blue) are
orbits, generating bounded relative motion can be more challenging, due t@¢Bgolune.



numerical nature of the trajectories. Since periodic orbits exist in one-parameter families in the CR3BP,
neighboring periodic orbits will not produce bounded relative motion in general. However, quasi-periodic
tori, which exist about periodic solutions, can produce bounded relative motion so long as its period is equiv-
alent with that of the periodic orbit. Because of this, quasi-periodic tori have served as the foundation for
generating bounded relative motion in cislunar sp&c&:2” In close proximity to a periodic orbit, these
guasi-periodic orbits exist as a linear combination of the eigenvectors associated with unimodular eigenval-
ues of the Monodromy matrix. The real and imaginary components of these eigenvalues span an invariant
circle, which when propagated for a full revolution, repeats on itself, forming a quasi-periodic relative orbit
(QPRO). A QPRO about the 9:2 NRHO in the CR3BP along with a selection of relative trajectories on its
surface are displayed in Fig. 2 in the VNB frame.

Figure 2: Relative motion in the CR3BP generated from a quasi-periodic torus about the 9:2 NRHO

Unlike the CR3BP, ephemeris trajectories are non-periodic, meaning globally bounded relative motion
does not exist in general. However, despite the non-periodicity of ephemeris trajectories, their associated
state transition matrices do exhibit central modes that are close to unimodular after integer revolutions, which
can be perturbed to produce locally bounded relative motion about the trajectory for a nite duration, similar
to the procedure used to generate quasi-periodi¢&dfilf (t) represents an ephemeris trajectéry2 T,
and ( t;to) is the associated state transition matrix of the trajectory, then a point intfilde T can be
identi ed for which a nearly central mode exists. The eigenvalue and eigenvector associated with this central
mode can be denoted By e i andw, w;ji. Indynamics that exhibit periodicity (e.g., CR3BP), this central
mode is unimodular for the Monodromy matrix and produces an invariant circle. In ephemeris dynamics, an
osculating invariant circle can be constructed in a similar manner with

u(to; 1) = K(cos( 1)w; sin( 1)w;) (8)

whereK is the radius of the invariant circle andis the initial phase angle. After the full duration of relative
motion, the nal invariant circle is

u(ts; 1)= ( ti;to)u(to; 1) ©)
= K [(ercos(1) esin(1))wr (e sin( 1)+ e cos(1))wi]
It is worth noting that bounded relative motion generated from these osculating invariant circles is only
guaranteed fot 2 [tp;t;]. Moreover, the extent of the deviation in this time frame cannot necessarily be
bounded below some nite value. Finally, the relative motion is only studied under linear dynamics, but for
fully nonlinear relative motion, it is expected that large deviations from the nominal trajectory will lead to
dispersions.

To compare the eigenstructure between the CR3BP and HFEM, from which QPROs are generated, Fig. 3
visualizes the growth over time of the eigenvalues associated with the 9:2 NRHO of the CR3BP and the
ephemeris trajectory in Fig. 1. Evidently, the eigenstructure of the HFEM trajectory closely resembles the
eigenstructure of the CR3BP, which is repeating, allowing for the construction of QPROs about HFEM tra-
jectories over long durations. Unfortunately, there are still limitations to this approach of generating bounded
relative motion. First, the duration of an osculating QPRO is limited by the fact that over suf ciently long
durations, unimodular eigenvalues cease to exist and the condition number of the STM becomes unman-
ageably large. Second, even if unimodular eigenvalues exist, the QPRO generated from them may exhibit
very large range ratios, that is, the maximum deviation from the origin may be signi cantly larger than the
minimum deviation from the origin, which is generally undesirable for formation ight. This means that in



contrast to CR3BP relative motion, for which QPROs exist for in nite duration, HFEM relative motion must
be periodically regenerated.

(a) CR3BP (b) HFEM

Figure 3: Growth of logarithm of eigenvalues of STMs over time

The 9:2 NRHO of the CR3BP and its associated HFEM trajectories admit two sets of (quasi-)unimodular
eigenvalues. One of these corresponds to the trivial along-track separated relative motion, and the other
corresponds to the QPRO. In theory, a combination of these two modes can be perturbed to produce bounded
relative motion, though this paper will focus on the modes associated with the QPROs. Fig. 4 displays
a selection of QPROs generated at varying integer revolution counts. The QPROs closely resemble the
geometry of the CR3BP QPROs (Fig. 2) but gradually lose their shape and produce larger separations with
higher integer revolutions. There exist two degrees of freedom for spacecraft placement along QPROs, with
all spacecraft being coplanar. An example of how a formation geometry can be constructed is visualized in
Fig. 5.

Twelve revolutions of the 9:2 HFEM NRHO, or about 80 days of ight, corresponding to an STM con-
dition number ofle8, balances the maintenance of QPRO geometry and frequency of reference switching.
Unfortunately, there is no good technique for minimizing the range ratio of a QPRO. As such, employing a
brute force approach, whereby a selection of time values are chosen for the nal STM and tested for range
ratio, is the procedure used for producing favorable QPRO geometry about HFEM trajectories. The existence
of QPROs in high- delity dynamics is nonetheless an important result for cislunar formation ight, as it
allows for the generation of long-duration bounded relative motion in realistic and relevant formation ight
scenarios.

Local Toroidal Coordinates About HFEM Trajectories

Local toroidal coordinates (LTCs) offer a convenient way to visualize, represent, and encode equilibrium
in relative orbital geometries in restricted three-body problem othit§.As a result of the procedure used
to identify nite-duration QPROs about HFEM trajectories, it is possible to leverage LTCs for the duration
of the QPRO despite the fact that the underlying reference is not periodie ketji represent the quasi-
unimodular eigenvalues awd.. o + wi. ol represent their associated eigenvectors determined from a HFEM
STM ( ti1;to). The mapping of these eigenvectors to any point in time along the reference trajectory is given
byw,(t) = ( tito)wro andw;(t) = ( t;to)w;o. Let the eigenvectors be decomposed into position and
velocity components witw, = rl;v] " andw; = r!;v! I Local toroidal coordinates are de ned as

LY U h T, v, [L +h] and can be related to a relative position and velocity with
respect to the reference with

r)=T(@) r; T@E)= r () ri(t) n@) ; n@kr () ri)

(10)
v(t)= T+ T v; = vi(t) vit) ) -

If the LTCs of a spacecraft are such that= 0 and , = 0, then the point lies on the surface of a locally
invariant torus. Moreover, and describe the location on the invariant circle, as is visualized in Fig. 5.



(a) One Revolution

(b) Three Revolutions

(c) Seven Revolutions

(d) Twelve Revolutions

(e) 21 Revolutions

Figure 4: QPROs about a 9:2 HFEM trajectory at various revolution counts



Figure 5. Formation con guration on an osculating invariant circle. Spacecraft can be separated by phase
angle (1) or radius K ), and equivalently represented in local toroidal coordinates)(

Figure 6: Proposed GN&C architecture

ABSOLUTE AND RELATIVE STATION-KEEPING CONTROL

Due to the instability of NRHOs in cislunar space, small perturbations and dispersions will lead to ex-
ponential divergence from reference trajectories. As such, station-keeping maneuvers must be performed
periodically to keep a spacecraft near its reference. In comparison to Keplerian regimes, cislunar space poses
several additional challenges to formation-keeping control. Namely, the presence of strong sources of pertur-
bation, the possibility of missed maneuver events (MMES), and the risk of collisions render the absolute and
relative station-keeping highly coupled. This paper proposes a strategy that nonetheless allows for separate
computation of absolute and relative station-keeping maneuvers by utilizing a control barrier function (CBF)
safety lter to enforce keep out zones, providing guarantees of safe operation under uncertainty. Absolute
control, in these contexts, refers to the station-keeping of the absolute state of the virtual chief of the forma-
tion to the absolute HFEM trajectory (e.g., from Fig. 1), whereas relative control refers to the station-keeping
of the individual agents to their prescribed relative orbital geometry, as determined from a reference QPRO.

For a formation consisting dfl agents, the proposed scheme computes an absolute station-keeping ma-
neuver for a virtual chief that targets a perilune position at several revolutions downstream along an HFEM
trajectory. This maneuver is then applied to all agents of the formation. Relative control is performed sim-
ilarly, targeting a relative position with respect to the virtual chief along a pregenerated QPRO. The combi-
nation of absolute and relative maneuvers is then ltered by the CBF, which guarantees passive safety. This
process is summarized in the GN&C block diagram in Fig. 6.

Absolute Control

To compute absolute station-keeping maneuvers that keep the formation in the vicinity of a reference, this
work makes use of an MPC scheme similar to the one proposed in Ref. 14. However, the scheme proposed
here instead computes just one maneuver (instead of two, as is done in Ref. 14) that targets a position ellipsoid



at perilune crossing six revolutions downstream along the reference. This is akin to the popularly employed
x-axis crossing schemé,3° which involves computing one maneuver to target the state of the reference
trajectory at six revolutions downstream, which has been found to produce favordidependitures. Given

a reference trajectory(t), an initial conditionx o and initial timetg, the Vg5 is solved for with

min Kk Vapsko
Vabs

z,
St Xt = Xo+ B Vaps + f (x;t)dt (11)
to

K[l O](xt (ti ke

whereB = 0 | , t; is the time corresponding to perilune crossing at six revolutions downstream from
the current time, and is a function representing the HFEM equations of motion of the system. Given
the nonlinear nature of the optimization problem, it is solved using sequential convex programming (SCP)
by enforcing a trust region about the solution variables, augmenting the dynamics constraint with a slack
variable, and penalizing tHg norm of the slack in the objective. The only solution variables in the SCP
problem are the initial condition dynamic slack variabl@ R®, which is augmented to the objective with
anl,-norm penalty, and the Vaps 2 R3, for which a trust region of 1 cm/s is enforced. The nal position
excursion ellipsoid is set to= 25 km. The optimization routine should be theoretically always feasfble;

and an appropriately applied SCP solution routine robustly and reliably conv@rges.

Figure 7: Absolute control of the Fig. 1 reference trajectory

Fig. 7 shows the performance of the employed absolute station-keeping scheme about the reference trajec-
tory in Fig. 1 simulated with a ground truth including solar radiation pressure and with realistic navigation
and control errors. Commanded maneuvers with magnitude below 0.15 cm/s are not executed, in line with
existing studies of absolute station-keeptag®

Relative Control

Given the inadequacies of lower delity models in relative control tasks over long durations, relative dy-
namical motion is generated directly about the reference HFEM trajectory to more accurately represent the



relative motion. Since state transition matrices are used to compute the HFEM trajectory and the HFEM

QPROs, this relative motion is readily available and could even be stored upon or uplinked to a spacecraft
to allow for autonomous relative control. Since dispersions from a reference relative trajectory are typically

small in a station-keeping scenario, a simple and effective procedure for computing corrective impulsive ma-
neuvers is to simply target a reference position along the QPRO at some latéf fuecretely, to compute

a relative maneuver V¢ to deliver thekth spacecraft to a desired positiory, (e.g., a reference position

along a QPRO) attimg from some initial statex ok atto simply requires solving

Vietk = (tr3to)( Tek x (tr ;t0) Xox): (12)

Here, ,, and ,x denote the upper right block and right block of the STM respectively. Under ideal
scenarios, the relative state will converge to the reference equilibrium in just two impulses. It is ef cient to
compute, scalable to multiple agents, and independent of the choice of dynamics. Though the control law
makes no consideration for fuel expenditure, relative motion is typically so sensitive to changes in velocity in
the station-keeping scenario that the command¥dis usually only on the order of millimeters per second.

Safety Concept

A particular challenge in cislunar formation control is that there exists no known analytical condition which
guarantees passive safety of spacecraft in a formation. In Keplerian orbits, passive safety is guaranteed by
maintaining perpendicularity between spacecraft relative positions and the direction of the unstable mode. An
analytical condition, known as i vector separation, has been derived, which when satis ed provides long
duration guarantees of safe spacecraft separation under perturationsontrast, there does not exist an
equally simple and strong notion of passive safety for cislunar orbits. In fact, from a QPRO equilibrium with
kilometer level separation, a change in velocity on the order of millimeters per second can deliver a spacecraft
to an unsafe con guration in just the span of weeks. In the case in which a spacecraft misses a maneuver,
collisions can potentially occur within days or hours. This phenomenon is attributable to the existence of
stable and unstable modes of the time-varying eigensystem, whose directions are constantly changing over
the span of an orbit.

Collision risk is usually not considered in studies of cislunar formation ight, though solutions that have
been proposed include passively-safe sequential convex programming (SCP-DRIFT), whereby nonlinear op-
timization routines determine a sequence of maneuvers that guarantees passive safety, and maneuver planning
leveraging local-toroidal elements (SCP-QPRIT), which allows for elegant suppression of stable and unstable
modes?* SCP is computationally expensive and scales poorly with agent count, which makes it impractical
for long-duration station-keeping. Additionally, LTCs, which provide weaker guarantees of safety, are not
amenable to the inclusion of absolute station-keeping inputs, which are typically spanned by unstable or
stable modes.

The safety concept proposed in this work leverages an optimization-based control barrier function (CBF)
to provide safety guarantees to the formation. This approach takes advantage of the rarity of collision events,
provides recursive safety, and allows for decoupled computation of the absolute and relative control inputs.
CBFs typically involve using optimization protocols to “ lter” a nominal control input to be S&f€hough
not often applied to spacecraft and typically considered for systems with continuous control, CBFs and similar
procedures have been employed for impulsively and continuously controlled spacecraft in Refs. 34 and 35
for ensuring safety in reinforcement learning routines. The variant of CBF proposed here involves enforcing
stochastic keep out zone constraints in a similar manner to passively safe optimal control $tlaewes
represents one of the rst applications of safety Itering to cislunar formation ight.

Lettcoomax andtco.min  be the maximum and minimum cutoff time to a spacecraft's propulsion system
following a random missed maneuver event at tighelt is assumed that following some cutoff time in this
interval, the propulsion system will be guaranteed to function at the next available control time. Under these
conditions, it is possible to “ Iter” the desired control input of all agentd@aby enforcing keep out zones
over the evolution of the agents over the time interval. Particularly, the evolution of the agents subject to
commanded control inpufs Vigtk =  Vaps + Vrelk g’,ﬁ":l subject to some initial system state provided

10



by the navigation Iter,Xo N ( o; o), whereXo = [xh;:xh 1, E(xk) =« E((xk k)X
i W = ki can be propagated as a distribution with
z t
k(D= ko*+*B W+ f(x(); )d;
o z, (13)
(D= (Gto)( i *+ K BGexek Ghyej B) | (Gto)+ (6 )G Gly Lt )d
0

Here,Geyek IS an estimate of the maneuver execution error associated Withas determined from Gate's
model®” G,¢ is the covariance associated with the perturbative acceleration to the relative sidtets)
is the STM produced about the mean trajectory ofktieagent, (t), and y; is the Kronecker delta. The
above distribution propagation can be simpli ed by approximating each state mean and covariance as linear
with respect to the absolute station-keeping trajectory, whose state and STM is already available. The state
can also be propagated in the case of missed manexiygrs N ( «m; «m ) Simply by setting Vi =0.
To enforce passive safety, it is necessary to ensure that the distributions of each agent are non-overlapping
to within some probability for all time until the next available control input. The approach taken here is to
enforce that any two spacecraft remain a distadgg apart undeB certainty®® which can be attained
by computing a small modi cation to the nominal control input through solving a nonconvex optimization
problem. Lett; denote the rst control input time aftdp + tco.max andt, denote the rst control input
time aftert; + tcomax . Furthermore, let; (t) = R(xk(t) X;(t)) be the relative position between
spacecrafk andj , produced by settinB = [13 3 03 3], which is normally distributed according tg; (t)
N (py (t); Py (1)) wherepyj (t) = R( () (1) andPy (1) = R( «(t) () w®+ ;)R
Note that the covariance of the relative position depends not only the covariances of th&tstatedj th
spacecraft, but also the covariance of the states of the &tdfitendj th spacecraft with respect to each other.
Then,f  Vsatek gl'l":l can be solved for from a desiréd Vigtk g’,}"zl by iteratively solving the problem

X
min k Vsafe;k Vtot;k k (14a)
f Vsafe;k ng:1 k=1

L .
st pl (P V(1) 3KPZ (Dpl Yk Dmin kpl! V(DK 8L 2 [to;to]; 8k <] (14b)

L .
Phim (OPELY (M) 3PS (OPY (DK Dumin ki, (DK 8t 2 [to;t1]; 8k 6 | (14c)

Here,p(kj1 b ® andp(k?;ml) (t) denote the relative positions at tirhas computed from th@y 1)th iteration

of the scheme. When the scheme is converged,ii§.” (t) = pi’(t) andpid, V(1) = pifh, (1), the
stochastic keep out zones are enforced over the entire dufétidlate that constraint Eq. 14b enforces
stochastic keep out zones until thecondavailable maneuver timey) between albuccessfullynaneuvered
trajectories whereas constraint Eq. 14c enforces stochastic keep out zones urgil #wvailable maneuver

time (t,) between all possiblfailed maneuvered trajectories. The former constraint ensures that in the case
of two spacecraft missing maneuvers at the next maneuver timdhe spacecraft will remain collision free

until the following maneuver timet§), at which time both spacecraft will be capable of maneuvering under
the previously made assumption of a maximum propulsion cutoff time. These features of the CBF endow
the system withrecursive safetyinder the assumption that a spacecraft will be able to execute a maneuver
following the cutoff period of an MME.

The optimization problem in Eq. 14 is a non-convex semi-in nite problem (SIP). To solve it ef ciently,
an iterative approach that is commonly used to solve SIPs is employed whereby af ne inequality constraints
are only applied at discrete time points at which the semi-in nite constraint is viofit&tiese time points
are selected by nding the times at which the worst violation of the inequality constraints occurs. This
recursive procedure is outlined in Alg. 1. In practice, the authors do not nd it necessary to augment the
non-convex constraints with slack or introduce a trust region for robust convergence. The CBF-SIP should
berecursively feasiblso long as the covariance at the next maneuver time does not become larger than the
predicted covariance from the previous maneuver time and the estimated relative state error does not change
drastically from one iteration to the next.
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Algorithm 1 Control Barrier Function Semi-In nite Program (CBF-SIP)

Input f 09, f 00, to;ts;ta, ' Vierk 0

OUtpUtf Vsafe;k g
1: function CBF-SIP
2 f Veatex 9 f Viotk 9, fteg
3 while Maximum Iterations not Exceedetb
4 ff «(MgGF km ()G i (1)gg Propagate 13 with Vsarex 0.
5: if 14b and 14c are satis ed abouth current referethes return f  Vsarex 0.
6
7
8
9:

ftcg f tcg[ Time points where 14b or 14c are violated and their LHS are locally minimal.
f Vsatek §  Solve 14 with linearized version of 14b and 18kc2 f t.g.
end while
end function

Typically, a maneuver pro le is already free of collision risk, in which case the CBF returns the same input
pro le without running any optimization routine. This can be contrasted to the SCP-DRIFT and SCP-QPRIT
techniques, which do not exploit the rarity of collision events for ef cient solution procedures. Moreover,
leveraging the SIP reduction technique means that each optimization problem involves very few constraints,
thereby improving scalability with respect to the number of agents. The CBF-SIP, however, does not neces-
sarily provide guarantees of stability when combined with absolute and relative maneuver algorithms. In the
case of very tight formations, where collision risk is higher, the CBF-SIP may result in greater dispersions
and higher V expenditure. For this reason, the CBF-SIP can be thought of as an additional form of (safe)
disturbance to the formation that has magnitude proportional to the tightness of the formation.

Maneuver Time Placement

The performance of the absolute control, relative control, and safety Iter are heavily dependent on the
placement of maneuver times. The nature of NRHO trajectories dictates that maneuvers be performed near
apoapsis crossing, where the dynamics are far less sensitive so as to not amplify navigation and control
execution error$? 14 Applying maneuvers within the time intervals corresponding to true anomalies between
160 degand200 deg a duration of 3:6 days, provides ample maneuver freedom without incurring large
errors due to dynamical sensitivity. This duration is also suf ciently long to allow for the resolution of and
recovery from MMEs by ground operators for absolute control maneuvers, which have the greatest magnitude
and therefore the most severe effect when missed. It is also best for absolute maneuvers, which are applied
once per orbit, to be performed as early as possible in this interval, so that the ensuing relative maneuvers
can be used to clean up formation dispersions introduced by the absolute maneuvers. This ensures that the
magnitude of the relative dispersions at perilune crossing, the most sensitive and chaotic region, is low. Thus,
absolute maneuvers are performed at times corresponding to a true anorh@f/defgand several relative
maneuvers are performed up to and including a true anoma&@g@@éieg The number of relative maneuvers
is a design parameter dependent on desir®dexpenditure, which increases with maneuver frequency, and
tracking performance, which improves with maneuver frequency.

Virtual Chief Placement

The choice of absolute state to represent the formation can have a dramatic effect ah tb@sumption
of the formation and the extent to which this consumption is spread among the agents. For example, a virtual
chief can be selected, for which the deputy spacecraft maintain a relative orbit with respect to, such that the
overall fuel expenditure or distribution of fuel expenditures is minimized. This has been demonstrated in cir-
cular orbits® and eccentric orbif8 for Keplerian motion. Especially for large swarms, it may be detrimental
to have a speci ¢ spacecraft operate as the chief, since this relocates the disturbances on the chief to the
deputies, removing relative station-keeping burden from the chief and placing it on the deputies. In general,
the V associated with the choice of virtual chief is dif cult to determine since both absolute and relative

V expenditure is affected. However, a simple and effective strategy that distributes relative station-keeping
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burden among the formation is to place the virtual chief at the mean of the state estimates. If the collection
of absolute state estimates from the navigation system are givem)., , then the virtual chief state and
deputy states are determined by

1 X
Xc(t) = —— Rk (1) Xretk (t) (15)
Jl (t)J k2l (t)

where Xk (t) is the relative reference state of deplityat timet along the QPRO and is an index

set over which the averaging is applied. The indexlsat timet includes the indices for the agents for

which a maneuver was available at the last control input (i.e., no propulsion cutoff). This is done so that the
occurrence of a missed maneuver from any agent does not drastically alter the location of the virtual chief,
thereby allocating relative station-keeping burden to the agents that missed their last maneuver. Relative state
estimates are computed with respect to the virtual chief with

Ric = Ri(t)  xe(t): (16)

This averaging procedure effectively distributes the disturbance and uncertainty among all agents. If the
absolute state estimate covariances are approximately equal, then the relative state uncertainty should be
approximately equivalent for each agent. Moreover, the effect of disturbance and control execution error
before the current time should result in approximately the same relative dispersion with this choice of virtual
chief.

NAVIGATION SIMULATION

To accurately represent and simulate the per-
formance of the station-keeping algorithms, re- Parameter Value3( )
alistic navigation algorithms are implemented. Tnitial Absolute Position Navigation Error 1 [km]
Navigation updates are given in the form of abso- Initial Absolute Velocity Navigation Error 1 [cm/s]

lute and relative pseudo-range and pseudo-rangelnitial Relative Position Navigation Error 1 [m]
rates, representing Deep Space Network (DSN) Initial Relative Velocity Navigation Error 0.1 [mm/s]
and intersatellite (IS) measurements and fed to Absolute Pseudo-range (DSN) Error 1[m]

an Extended Kalman Filter (EKF). The measure- Absolute _Pseudo-range Rate (DSN) Error 0.1 [mm/s]
ment architectures explored include a cluster ar- _ elative Pseudo-range (IS) Error L{m]

. . Relative Pseudo-range Rate (IS) Error 0.1 [mm/s]
chitecture, whereby measurements include the
absolute range of a hub spacecraft and the relative Table 1: Navigation System Parameters
ranges between all spacecraft, a fully connected
architecture, whereby measurements include the
absolute ranges of all spacecraft and relative ranges between all spacecraft, and a hub-spoke architecture,
whereby measurements include absolute range of a hub spacecraft and relative range between the hub and
spoke spacecraft. Absolute ranging is scheduled to occur at -72 hours, -48 hours, -7 hours and +12 hours
with respect to an absolute maneuver time (true anomal0fdeg, with 10 measurements taken over the
span of one hour, in line with the measurement frequency proposed in Ref. 14. In addition, relative ranging
is scheduled for the same time as absolute ranging and 1 hour before any relative maneuver time for the fully
connected architecture, every 24 hours for the cluster architecture, and every 6 hours for the hub and spoke
architecture. Tab. 1 contains the relevant navigation parameters applied to all ensuing test cases.

TEST SCENARIOS AND RESULTS

To demonstrate the exibility and scalability of the proposed station-keeping architecture to relevant cislu-
nar formation ight scenarios, the algorithms are deployed on and simulated in the following test scenarios:

1. Atwo spacecraft fully connected formation with10 km separation under a noisy con guration.
2. A ve spacecraft cluster formation with 1 km relative separation under a quiet con guration.
3. A nine spacecraft hub-spoke formation witiLOOkm relative separation under a noisy con guration.
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Parameter Quiet Con guration ~ Noisy Con guration

Fixed Magnitude Execution Error 0.01 [mm/s] 0.3 [mm/s]
Proportional Magnitude Execution Error 0.1[%] 1[%]
Fixed Pointing Execution Error .01 [mm/s] 0.3 [mm/s]
Proportional Pointing Execution Error 0.001 [rad] 0.01 [rad]
Missed Maneuver Event Rate 1[%)] 5 [%]
Maximum Propulsion Cutoff Time 3 days 3 days
Minimum Propulsion Cutoff Time 1 days 1 days
Minimum Impulse Bit 0.01 [mm/s] 0.3 [mm/s]
Solar Radiation Acceleration le-5[mfs 5% 5e-5[mm/8] 10%
Minimum Safe Separation 100 [m] 1000 [m]

Table 22 Control and simulation parameters

Metric Test Case 1, Fig. 8 Test Case 2, Fig. 9 Test Case 3, Fig. 10
Monte Carlo Trials 10 10 10
Computed Vgps, [cm/slyear] 53:99 7:77 9:.08 2:61 5263 5:44

75:50 5:30;82:76 7:15

2
_ _ 20:65 T7:47,23:63 562 (8803 10:17:89:99 22:93
Total Executed V 8139 942 45,76 4332385 5915 §96:85 17:91: 89:43 8:76%
per agent, [cm/s/year] 7534 949 o446 564 93:08 11:58,99:58 10:78
10029 7:74
Relative Separation Ranges [km]  [1.04,57.90] [0.099,7.34] [2.38,523.98]
CBF-SIP Activation Rate [%] 2.8 29.13 0.01
Absolute Maneuver 6340 29:65 4534 18:89 8464 43.03
Computation Time [sec]
Relative Maneuver 0:49 0:30 060 077 144 492
Computation Time [millisec]
CBF-SIP Computation Time [sec] 0:07 0:32 0:89 1:36 0:89 0:58

Table 3. Performance metrics of each test case with standard deviations

The parameters de ning a quiet and noisy con guration are given in Tab. 2.

Simulations are performed using the NRHO reference from Fig. 1 for 50 revolutions starting at an epoch
of 2024-10-29 12:00:00 TDB. The simulation process is outlined as follows:

1. Uniformly sample a re ective coef cient associated with each agent in accordance with the SRP errors
in Tab. 2. Propagate the agents until the next maneuver time. Propagate the navigation lter with
measurements applied at relevant times.

2. Compute the estimated state of the virtual chief as the mean state estimate of all agents. Compute
estimated relative states with respect to virtual chief.

. If the maneuver time is an absolute maneuver time, compute an absolute maneuver for the virtual chief.
. Compute the relative maneuver for each agent as described.

. Sum the absolute and relative maneuvers and apply the CBF-SIP safety Iter in Alg. 1.

o o1 A~ W

. Remove maneuvers that violate the minimum impulse bit de ned in Tab. 2. Apply maneuver execution
errors from Gate's mod#&l with errors from Tab. 2. If a uniformly sampled random number is below
the MME rate, then uniformly sample a propulsion cutoff time between the minimum and maximum
bounds. All maneuvers for the given agent are set to zero for the remainder of this cutoff time. Add the
resulting V to the state of each agent.

Figs. 8, 9, and 10 show the performance of the proposed strategy for each respective test case, including
navigation, relative and absolute trackingy histories, and trajectories in the VNB frame and local toroidal
coordinates. Several performance metrics are summarized in Tab. 3, including y&adypenditure, sep-
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(a) Relative Positions and Local Toroidal Coordinates (b) Navigation Subset

(c) Absolute Reference Tracking (d) Relative Reference Tracking and (e) Absolute and Total V Expendi-
Performance Separation ture

Figure 8: Test Case 1 Trial: Two agent station-keeping for 50 revolutions

aration ranges, and computation tirffesRelative separation ranges denote the absolute minimum and max-
imum separation between the agents in the formation over all trials. The activation rate of the CBF-SIP
represents the percentage of times that at least one iteration of the CBF optimization routine occurs, i.e. the
desired V is not already passively-safe.

DISCUSSION

For all trials, the strategy demonstrates successful station-keeping for the formations with low to moderate

V expenditure, adequate reference tracking, low computational cost, and guarantees of passive safety. Over
the cumulative 25 years of simulated absolute and relative station-keeping, the absolute maneuver and CBF-
SIP schemes never fail to converge and absolute and relative bounded motion is always achieved. Moreover,
no signi cant collision risk is detected, with the absolute lowest separation being 99 meters for Test Case 2
and 1040 meters for Test Case 1.

Absolute Control Performance

Absolute reference tracking is achieved on the level of hundreds of kilometers and absolute station-keeping
costs are on the order of tens of centimeters per second. These gures match the ndings of other studies

*Experiments were performed on an Intel i7-10750H CPU. The code was implemented and executed in MATLAB R2024a. The
algorithms made use of MOSEKto optimize and YALMIP? to model.
TSimilar absolute control strategy implementations (e.g., Ref. 14) have achieved lower computation times.
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(a) Relative Positions and Local Toroidal Coordinates (b) Navigation Subset

(c) Absolute Reference Tracking (d) Relative Reference Tracking and (e) Absolute and Total V Expendi-
Performance Separation ture

Figure 9: Test Case 2 Trial: Five agent station-keeping for 50 revolutions

of absolute NRHO contrd?* Lower computed absolute station-keeping maneuver magnitudes could be
attributable to the connected navigation architectures, which likely produce more accurate navigation esti-
mates. This demonstrates an important bene t associated with cislunar formation ight, whereby multiple
sources of absolute measurements, when combined with relative measurements, produce improved absolute
state knowledge. Previous studies, such as Refs. 12,14, have found that absolute state knowledge error is the
primary driver of V consumption and absolute reference tracking, suggesting that distributed navigation
architectures over cislunar formations can provide bene ts to absolute control of NRHOs. A decrease in
computed absolute maneuver expenditure could be additionally attributable to of oading to relative station-
keeping, which cleans up after missed absolute maneuvers.

Relative Control Performance

The relative control concept, which leverages STMs generated about the reference trajectory for dynamics
representation, QPROs as relative references, and a simple control law, demonstrates effective relative station-
keeping under high- delity cislunar simulation. These features make the relative control law highly desirable
in comparison to computing absolute maneuvers for each agent, which is incapable of providing precise
relative positioning.

The formation experiences the largest relative dispersions at perilune, the region corresponding to the great-
est relative separations and most chaotic dynamics. Even under low levels of noise, it is dif cult to ensure
good tracking at perilune as a result of only performing maneuvers at apolune. This can be compared with
the operations of the PROBA-3 spacecfdfiyhich operates in a highly eccentric orbit about the Earth and
performs high accuracy relative control only at apogee. The greatest contributor to this relative dispersion
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