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CONJUNCTION ASSESSMENT AND PASSIVELY SAFE
IMPULSIVE ESCAPE FOR AUTONOMOUS CO-ORBITING

SPACECRAFT

Mason Murray-Cooper*, Simone D’Amico†

This work presents an onboard system for rapid conjunction assessment and pas-
sively safe response for autonomous co-orbiting spacecraft. A method is devel-
oped to compute instantaneous collision risk using uncertainty propagation in
quasi-nonsingular relative orbital elements, enabling long-horizon conjunction de-
tection with low computational overhead. An analytical impulsive maneuver algo-
rithm is introduced to guarantee passive safety in the radial/cross-track plane while
inducing controlled along-track drift, ensuring sustained separation over multiple
orbits in an arbitrarily short control horizon. Computed impulses are evaluated for
probability of success to identify suitable windows for maneuver execution. The
approach is demonstrated with scenarios encountered by the VISORS formation-
flying mission, with separations spanning 5 - 500 meters, and is validated with
Monte Carlo testing using event-driven simulation of the flight code. Compared
to a chance-constrained sequential convex programming approach, the proposed
method is able to match guarantees of safety and solution feasibility. The system
is suitable for real-time execution on resource-constrained platforms and enables
autonomous proximity operations with minimal ground intervention.

INTRODUCTION

Distributed space systems (DSS) offer exciting new mission concepts with capabilities beyond
what single spacecraft can accomplish. At the same time, DSS require additional considerations in
planning and operation due to the introduction of potential conjunctions within the system. Space-
craft operating autonomously with onboard guidance, navigation, and control enable advanced mis-
sion concepts that can satisfy precise absolute and relative orbit control requirements. To minimize
conjunction risks, DSS missions that rely on autonomous operation must have the capability to
rapidly detect and react to contingencies using limited onboard computational resources. This work
is motivated by the VISORS CubeSat mission,1 which features an autonomously controlled binary
spacecraft formation operating in close proximity. Specifically, this work examines impulsively
controlled spacecraft in near-circular low-Earth orbits with separations of 5 - 500 m.

Faults in spacecraft systems such as power, attitude control, or actuation may lead to an im-
minent collision course or future loss of control authority for station keeping. In these scenarios,
a passively-safe escape response may be desired to bring DSS to a configuration with long-term
guaranteed minimum separation so that the root causes can be identified and remediated. To en-
able autonomous spacecraft operation, the decision-making stack for detecting and responding to
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compromised DSS safety must be executed without ground intervention using limited onboard com-
putational resources. Response may be needed urgently, necessitating maneuver execution in a short
time window (seconds to minutes) after detection.

Trajectory computation for safe spacecraft proximity operations is an important area of study that
interests many. The collision avoidance problem can be cast as a sequential convex programming
problem with linear relative motion models and convexified keep-out bounds to find collision-free
fuel efficient trajectories in a multi-spacecraft environment over a set reconfiguration.2 Other au-
thors develop passive abort safe trajectories, which guarantee collision-free trajectories even under
a set of faults that include loss of control during the reconfiguration. Some approaches do this by
enforcing collision free uncontrolled cartesian paths for future points in the trajectory,3 while others
develop state-based constraints that characterize passive safe long term motion.4, 5These approaches
tend to be computationally intensive and do not provide a priori conditions to know whether a solu-
tion will be feasible or guarantee convergence to a rapidly executable solution to achieve safety in
a short window of control. Neural networks trained with reinforcement learning are another inter-
esting avenue that can offer fast executable maneuver design, but further lack robust guarantees of
safety.6 Sampling based methods have been explored to generate trajectories that are persistently
single-impulse escape safe and guarantee that quick reactions are possible if contingencies are de-
tected.7 Single-impulse closed-form solutions for collision avoidance have been designed for space
flight missions and implemented for the PRISMA formation flight mission, but lack the ability to
simultaneously control in-plane and out-of-plane motion to rapidly reach a safe formation over an
arbitrarily short control window.8

Detection of potential conjunctions is another important segment of this stack. Several methods
exist for estimating probability of collision of space objects, with varying degrees of fidelity and
relevant assumptions. The most straightforward class of methods utilize propagation of spacecraft
state and uncertainty knowledge to quantify the conjunction risk at discrete points in the future.9

In short approach windows with strong assumptions of rectilinear motion in the contact plane, ef-
ficient numerical methods have been developed to calculate the probability of collision.10 Other
approaches have been made to do the same for longer approach windows, such as posing the prob-
abilistic collision detection as a mixed integer linear program that can be solved with dedicated
algorithms.11 On the other hand, Monte-Carlo sampling of propagated trajectories can yield high
accuracy at the expense of large computational loads. More intelligent sampling methods do offer
a reduction in the number of samples required while maintaining high accuracy, but computation
time remains a concern.12

To address these concerns, this paper introduces a novel time-free passively-safe maneuver gen-
eration algorithm with closed-form solutions for unperturbed orbits. The solutions are designed to
enforce safe separation without significantly altering the relative orbit to avoid costly reconfigura-
tions to nominal operations after fault resolution. In order to ensure solution feasabililty, this is
augmented with an onboard stochastic safety violation detection algorithm to screen for conjunc-
tions between DSS members and respond before windows of dangerous separations occur. The
maneuver generation algorithm provides passively safe solutions with minimal computations for
well-defined regions of feasibility in the unperturbed case. An extension is made to orbits per-
turbed by J2 and atmospheric drag using an iterative approach with second order approximation of
safe sets of maneuvers. A stochastic risk evaluation framework is introduced to detect dangerous
relative orbit configurations before safe separation becomes impossible.
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METHODOLOGY

Spacecraft Relative Motion

Many approaches exist to describe the relative motion of spacecraft. One of the most widely
used frameworks for near-circular orbits is the Hill-Clohessy-Wiltshire equations13 which describe
the time-varying relative positions and velocities of objects in near-circular orbits. An extension
to higher eccentricity orbits is provided by the Yamanaka-Ankerson equations.14 These frame-
works provide instantaneous descriptions of relative position and velocity, but do not provide ex-
plicit knowledge of the geometric characteristics of entire orbits. An instantaneous constraint for
deterministic collision avoidance may be imposed on the time-dependent relative position δr(t) in
some time span T :

||δr(t)||2 ≥ dmin∀ t ∈ T (1)

When considering contingency scenarios, future loss of spacecraft actuation is a real concern. For
this reason, passively safe trajectories over time horizons of multiple orbits are desired. Rather
than examining instantaneous states, the geometry can be described over entire orbits. The quasi-
nonsingular relative orbit elements are an ideal candidate for this. This parameterization of ROE
were demonstrated for relative orbit control on the PRISMA and TanDEM-X flight missions15 for
relative motion planning. They have the benefit of being slowly varying in time due to system dy-
namics and perturbation effects, yielding both insight into the geometric properties of the spacecraft
formation and effective methods for propagating over long time horizons. Consider a formation
of two spacecraft, a non-maneuvering ”chief” and a maneuvering ”deputy” with their own set of
quasi-nonsingular absolute orbital elements αc and αd, where α = [a, u, ex, ey, i, Ω]. The quasi-
nonsingular elements are functions of the classical Keplerian elements a, e, i, ω, and Ω and the
mean anomaly M , where the mean argument of latitude is u = ω +M , and the eccentricity vector
components are ex = e cosω, and ey = e sinω. The ROEs introduced in15 are defined as:

aδα =



aδa
aδλ
aδex
aδey
aδix
aδiy

 = ac



(ad − ac)/ac
(ud − uc) + (Ωd − Ωc) cos ic

exd
− exc

eyd − eyc
id − ic

(Ωd − Ωc) sin ic

 (2)

The discrete-time state transition matrix over the time window ∆t for the mean ROE under Kep-
lerian effects is given as:15

Φkep(∆t) =



1 0 0 0 0 0
−3

2n∆t 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

 (3)

Equation (3) depends on the chief spacecraft’s mean motion n.
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The RTN frame of reference is useful in describing spacecraft relative motion. This frame is fixed
on the chief spacecraft with unit basis vectors R̂ (Radial) oriented along the position vector to the
chief spacecraft from the mass center of the gravitating body, N̂ (Normal) oriented along the angular
momentum vector of the chief’s absolute orbit, and T̂ (Transverse) completing the right-hand triad.
This is also commonly known as the Local Vertical Local Horizontal (LVLH) Frame. For a near-
circular orbit, the linear mapping from ROE to the relative position of the deputy spacecraft in this
frame is:15

ROE→RTN
R (t) =

1 0 − cosut − sinut 0 0
0 1 2 sinut −2 cosut 0 0
0 0 0 0 sinut − cosut

 (4)

The ROE relate directly to many key geometric characteristics of the relative orbit. Figure 1
shows the position of a deputy spacecraft relative to the chief decomposed into the RT (orbit plane)
and RN (plane perpendicular to flight direction) and the relationship of the ROE to the geometry of
the relative orbit for a near-circular orbit. This decomposition serves an important purpose. Along-
track motion in the T-direction is unstable and even in the absence of any perturbation effects beyond
point-mass gravity, along track separation will exhibit secular effects from Keplerian motion due to
any nonzero difference in semimajor axis aδa. The R and N components on the other hand are
periodically stable,16 exhibiting purely periodic variation in the absence of perturbation effects.
These effects can be seen as a consequence of the dynamics contained in Equation (3), where the
aδλ term grows secularly while other elements remain constant.

2

Chief
Deputy

Figure 1. Linear mapping from relative orbital elements to RTN relative position
shows RN stable planar ellipse and RT time-translating ellipse in unperturbed near-
circular orbit

Impulsive actuators are a common method for many classes of spacecraft. The effect of impulsive
maneuvers on the mean ROE derived from Gauss variational equations is given as:15

Γ(t) =
1

n



0 2 0
−2 0 0

sinut 2 cosut 0
− cosut 2 sinut 0

0 0 cosut
0 0 sinut


δvRδvT
δvN

 (5)

The control matrix Γ shows a dependence on ut, the chief spacecraft’s mean argument of latitude
at the maneuver time, and n, the mean motion. This allows us to describe the time-varying linear
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dynamics of the mean ROE state variation due to an impulsive maneuver at mean argument of
latitude um:

aδαf = aδα0 + Γ(um)δvRTN (6)

As well as the linear propagation due to state transition matrix:

aδα(t+ τ) = Φ(τ) (aδα(t) + Γ(t)δvRTN) (7)

In low-Earth orbits, the dominant perturbation effects on spacecraft are atmospheric drag and
earth oblateness. These can be accurately modeled as changes to the ROE by linear state tran-
sitions.17 To summarize, the effects of J2 perturbations on the mean ROEs cause a rotation of
the relative eccentricity vector aδe and vertical displacement of the relative inclination vector aδi.
Drag effects have a linear impact on the mean relative semimajor axis aδa which cascades into
a quadratic effect on the mean argument of latitude aδλ through the Kepler equation. State tran-
sition matrices using an atmospheric density model based method for modeling drag and an at-
mospheric density model free approach that depends on ROE rates of change due to drag effects,
[δȧdrag δėx,drag δėy,drag]

⊤ are available.17 This state rate of change vector is appended to the end of
the ROE vector to make a modified 9 dimensionsal state that can be operated on by the 9x9 per-
turbed state transition matrix ΦJ2 + Drag(t).17 The contents of this state transition matrix are included
in the appendix.

Formation Conjunction Assessment

A real spacecraft formation will operate on relative state estimates rather than on universal truth.
The method discussed here first use propagation of the relative orbit state and covariances to com-
pute a probabilistic minimum separation between spacecraft over a time horizon which can be used
to predict collisions within the formation. Collisions are detected by checking the overlap between
a geometric region likely to contain the deputy spacecraft at a future time Rt and the keep out zone
centered on the chief S. This is succinctly summarized by the condition indicating a collision is
present:

S ∩Rt ̸= ∅ (8)

This method of detection is resilient to the dilution of probability associated with large state
uncertainties which can cause false negative detections due to low probability mass density in the
region of interest.18

State estimates and covariances are propagated forward over a time horizon T, and at each time
point the distance is computed between the chief spacecraft and a confidence interval of q standard
deviations of the deputy relative position in cartesian space, ensuring it is above a threshold dmin.
Rather than using the 3D separation as the only metric for triggering collision detection, the relative
spacecraft position can be considered separately in 2 planes. For multivariate gaussian distribution
modelling the spacecraft relative positions, the probability contours that form the confidence inter-
vals in the cross-track (RN) plane and along-track (RT) are a 2D ellipse. While no closed-form
solution exists to find the minimum distance between a point (the origin - the location of the chief
spacecraft) and an ellipse (the area containing the deputy with confidence q−σ), there exist iterative
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methods that tend to converge within a few iterations. The relatively stable motion in the cross-track
or RN plane makes it suitable as a guarantee of safe separation over short horizons. More gener-
ally, this can be extended to the RT plane or 3D relative position trajectory. While RT motion can
be highly influenced by drag and knowledge of the relative state, it can be checked after the RN
separation to avoid falsely triggering a costly escape and reacquisition. It has been noted though
that considering the planes separately confers a higher degree of conservativeness that overestimates
probability of collision metrics.18 The propagation of the spacecraft states is performed with RK4

ROE COV

Chief Osc. QNS

Deputy Osc. QNS

Prop. Linear

Prop. Integration Individual QNS→ 
Relative RTN Pos.

ROE → RTN Linear

Initial States Future Trajectory States Map to RTN Rel. Pos

RTN 
Ellipsoids

Distance Evaluation Safety Logic

RN min 
sep

RT min 
sep

PS Violation 
Decision
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Figure 2. Safety Violation Decision Logic Block Diagram

integration of the quasinonsingular absolute orbits, allowing for the incorporation of more accu-
rate drag and oblateness effects. The process noise component of the linear covariance propagation
attempts to account for these sources of error. This process is shown in a flow chart in Figure 2,
illustrating the flow of information from state estimate to conjunction assessment.

Passively Safe Solutions for Unperturbed Relative Motion

The safe spacecraft motion constraint from Equation (1) describes a limit on the instantaneous
3D position. Reliance on separation in the T-component direction, though, is precarious due to its
instability and associated high state uncertainty in propagation and navigation solutions. A more
robust solution to provide safe separation can instead prescribe an increasing T direction motion to
safely separate the spacecraft in the long term while guaranteeing safe minimum separation in the
RN plane. There are several considerations to note when selecting a drift condition in the along
track. It is important to consider solutions with a lower magnitude of aδa, as this linearly affects
the rate which the spacecraft separate in the along-track direction and leads to faster formation
evaporation. Additionally, perturbations such as differential drag effects can alter the uncontrolled
along-track drift rate, even causing it to change sign. A desired post-maneuver relative semimajor
axis value aδades can be nominally be prescribed as a target for the reconfiguration to control the
drift rate. If the sign of the semimajor axis rate of change due to perturbation effects is known, the
sign of aδades can be selected to match that direction to avoid the spacecraft intially drifting away
and then drifting back together.

In the absence of general conditions on ROE states that guarantee safety with non-zero aδa, sur-
rogate solutions of safe RN motion can be used as a guarantee of safe 3D motion. The relative
RN motion for the unperturbed near-circular orbit introduced in the previous section is a stable el-
lipse. RN passive safety can thus be thought of as enforcing that the RN ellipse does not intersect
a circular keep-out radius dmin. The characteristics of the intersections of circles with rotated and
translated ellipses are complicated. There is no general closed-form solution to the minimum sepa-
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ration between a rotated and translated ellipse and a circle.11 An analytical framework for solving
the minimum separation is available in terms of the ROE, which relies on finding the roots a 4th
degree polynomial corresponding to critical points in the separation.19 Accordingly, it is difficult to
pose strict constraints on the ROE conditions that yield a prescribed minimum separation besides
the specific case of an ellipse centered exactly at aδa = 0. Unfortunately, this conflicts with the
goal of providing increasing along-track separation. This issue can be addressed by introducing an
auxiliary keep out zone, a circle of radius raux that fully encapsulates the original keep out zone
that is centered with the RN relative position ellipse at aδa. The auxiliary keep out zone and its
relationship with the keep out zone and relative trajectory is depicted in Figure 3. In order to ensure
the keep out zone is fully encircled by the the auxiliary keep out zone, raux must satisfy a geometric
relationship:

raux ≥ dmin + |aδades| (9)

𝒓aux
𝒂𝜹𝒂𝒅𝒆𝒔

𝛿𝑟R

𝛿𝑟N

𝒅min

𝝐

Figure 3. Auxiliary keep out zone guarantees safe RN separation with over-conservative geometry

It is straightforward to enforce minimum separation to a circle sharing the same center with the
RN ellipse. The minimum distance ϵ from the ellipse to its center, as a function of the ROE elements,
is provided:20

ϵ =
1√
2

(
aδe2 + aδi2 −

√
aδe4 + aδi4 − 2aδe2aδi2 cos(2φ− 2ϑ)

)1/2
(10)

A simple condition for RN separation at all points exceeding dmin can then be established:

ϵ ≥ raux (11)
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This equation can be rearranged to get a scalar condition of the ROE state E(aδα) ≥ 0 that
ensures minimum separation relative to the auxiliary keep out zone exceeds raux:

E(aδα) = r4aux − r2aux
(
aδe2x + aδe2y + aδi2x + aδi2y

)
+ (aδexaδix + aδeyaδiy)

2 (12)

It is desirable to describe a condition for enforcing safety based on the control variables, the
impulsive velocity δvRTN. Substitution of Equation (6) into Equation (12) gives E as a function
of original ROE state and the velocity state. This equation features jointly quadratic terms such as
δv2T δv

2
N which make it difficult to solve analytically. However, it can be noted that in the control

input matrix Γ the sole effect on the aδa component is due to δvT . Thus, to prescribe a specific
along-track drift rate, δvT can be solved directly from the pre-maneuver ROE state aδa0 via:

δvT =
n

2
(aδades − aδa0) (13)

A fixed δvT to control the along-track motion greatly simplifies the RN safety planning problem.
Examining the terms in E, it can be observed that it does not feature cross terms in the other
impulsive velocity components δvR and δvN that are higher than the first degree. Equation (12)
can then accordingly be rewritten as a function of the R and N impulse velocity components, stated
more compactly as v = [δvR δvN ]⊤, in a quadratic form:

E(aδα,v, raux) = v⊤A(aδα, raux, δvT )v +B⊤(aδα, raux, δvT )v + C(aδα, raux, δvT ) (14)

The contents of A ∈ R2×2, B ∈ R2, and C ∈ R are given in the appendix. Diagonalizing A with
its eigenvectors leads to:

A = V QV ⊤ = [v1 v2]

[
λ1 0
0 λ2

]
[v1 v2]

⊤ (15)

The solutions along to the transverse axis of the hyperbola for a specified value of raux can be found
as:

v = kV

[
0√
β

]
+ v0 (16)

where k is a scalar with magnitude ≥ 1 that controls how far solutions are located along the trans-
verse axis and:

v0 = −1

2
A−1B (17)

C ′ = −v⊤
0 Av0 −B⊤v0 − C (18)

β =
|C ′ |
λ2

(19)

This solution allows for simultaneous satisfaction of RN safety and along-track drift. The prop-
erties of Equation (14) will now be discussed as they pertain to the solutions for v. The geometry
of the solution space is determined by the signs of the eigenvalues of A. If the eigenvalues of A are
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opposite sign, the solution space forms a hyperbola in v space. If they are the same sign, it forms
an ellipse. The eigenvalues of A are:

λ1 = −r2aux (20)

λ2 =− r2aux + a2δexδey sin 2um − a2δixδiy sin 2um

+ a2δe2x cos
2 um + a2δe2y sin

2 um + a2δi2x sin
2 um + a2δi2y cos

2 um

+ 4
δv2T
n2

+
4δvT
n

(aδex cosum + aδey sinum)

(21)

Now, the conditions will be examined that allow for the existence of real solutions v such that E ≥ 0
in Equation (12). Consider the scalar distance r(tm) from the RN relative position at maneuver time
tm to the shifted center with coordinates in the RN plane [aδades 0]

⊤ and the quantity b by which
exceeds r2aux exceeds r2(t) such that b+ r2aux = r2(t):

r2aux = (δrR − aδades)
2 + δr2N + b (22)

Substituting the relative position components in Equation (22) with their ROE mapping from
Equation (4), and then substituting that result for r2aux into the eigenvalue λ2 yields a function of
the ROE, impulsive velocity, and buffer b. Then, the solution to Equation (13) can be substituted in
to give a tidy result that λ2 = b . Thus, the radius of the auxiliary keep out zone in the characteristic
equation raux can be any separation less than or equal to the separation between the spacecraft and
the shifted center of the auxiliary keep-out zone at the instant of maneuver r(tm). This yields a real-
valued hyperbola inequality in v space for solutions to E(aδα,v, raux) ≥ 0. Cases where b ≤ 0
yield only complex-valued solutions that cannot be realized by impulsive thrusters in real space.

This solution has a logical interpretation linked to the relative motion dynamics. The location
of the application of a velocity impulse is shared between the pre and post-maneuver trajectory.
Accordingly, the minimum RN separation in the relative orbit to the auxiliary keep out zone center
cannot be increased beyond the separation at the maneuver time.

The variation in the solution space with different values of b ≥ 0 is shown in Figure 4, with the
wider hyperbolas corresponding to solutions with lower minimum separations which will converge
to a degenerate hyperbola at the extreme case where b = 0. Solutions of the impulsive safety problem
can accordingly be found as locations on and within a hyperbola of a specified b value, which all
share a transverse axis aligned with the eigenvector corresponding to the positive eigenvalue v2.

Inclusion of Perturbation Effects in Low-Earth Orbit

As mentioned in the dynamics section, low-Earth orbits are subject to perturbations primarily
due to J2 Earth oblateness and atmospheric drag. This poses multiple challenges for guaranteeing
passive safety. The first problem to discuss is the breakdown of RN safety due to deformation of the
RN relative position ellipse over time, affecting the long-term safety of the formation. The second,
perhaps even more troubling problem is the effect of atmospheric drag on aδa and the cascaded
effect on aδλ. Considering the linear perturbed ROE dynamics,17 the along-track center of relative
motion drifts quadratically in time with the time rate of change of the relative semimajor axis, δ̇adrag.
Trajectory trends in aδa−aδλ space are shown in Figure 5, where a ROE configuration at a positive
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Figure 4. Feasible solutions for unperturbed escape impulse with varying b̂ =
b/r2(tm) creates narrower hyperbolas until approaching a line at b = 0

and negative aδλ drifts either up or down depending on the sign of ˙aδa. It can be seen that starting
from a aδa of the opposite sign of ˙aδa causes the deputy spacecraft to change drift directions over
the course of the trajectory. This is a relatively benign effect if the drift does not cause the spacecraft
to pass one another in the along-track direction. In this case, safe RN motion can be established
instantaneously by a solution to the unperturbed motion from Equation(16) and then along-track
drift will cause the spacecraft to separate quickly in the along-track direction, yielding robust long
term safe separation.

Conversely, in the case that the spacecraft pass each other and then pass back, RN-safe motion
must be guaranteed in the window of close approach because along-track separation will go down to
zero. Due to the drifting ellipse geometry of the RN motion, the spacecraft will in many cases pass
through zero T separation multiple times until the center of motion aδλ passes by a magnitude of
2aδe in the drift direction. The condition from Equation (12) must be upheld in this critical window
of time. The ROE state at a future time can be obtained from the STM propagated dynamics. An
additional note is that at the time of crossing tc, the auxiliary keep out zone will need to take into
account the vertical shift due to δȧdrag.

Using the J2 and drag perturbed state transition matrix from17 in Equation (12) yields the con-
dition for satisfactory RN-safe motion at a future time. The solution space in terms of δv is more
complicated, featuring cross quadratic terms in all velocity components. The feasible set of δv are
solutions to this nonlinear equation. Rather than attempting to solve this equation to get a single
solution, a second-order Taylor approximation of E can be evaluated about a reference impulse v∗

to recover a quadratic form similar to the unperturbed case:

E(aδα) ≈ E(aδα∗)+∇E(aδα∗)⊤(aδα−aδα∗)+
1

2
(aδα−aδα∗)⊤∇2E(aδα∗)(aδα−aδα∗)

(23)

The gradients are taken with respect to δvR and δvN . The difference of ROE state of the reference
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Figure 5. Potential aδa− aδλ trajectories with different signs of δȧdrag causing drift

and the evaluation point cancels out the original ROE components, leaving a function quadratic in
the reference impulse:

aδα–aδα∗ = Φ(t∗)(aδα0 + Γ(0)v)–Φ(t∗)(aδα+ Γ(0)v) = Φ(t∗)Γ(0)(v − v∗) (24)

This Taylor approximation can then be rearranged to the characteristic quadratic form of Equation
(14):

E∗ = v⊤A∗v +B∗⊤v + C∗ (25)

The coefficients of A∗ ∈ R2×2, B∗ ∈ R2, and C∗ ∈ R are provided in the appendix. Equation (25)
can be solved the same way as Equation (16), using Equation(16. The second order Taylor approx-
imation of the solution space is visualized in Figure 6 using two separate reference trajectories that
each converge to their own local approximation based on the vertices of the solution space in the
original reference v∗. The solution hyperbolas appear to match the empirically evaluated contour
of Equation(25), indicating that impulsive maneuvers contained within these hyperbolas achieve
passive safety.

The inequality E∗ ≥ 0 from Equation (25) gives solutions for a δv that provides RN safety at a
specific time in the future t∗. This time can be made to coincide with the zero crossing of aδλ to
ensure safe separation at this critical juncture. The value of aδλ at a future time t is extracted below
from the J2 and drag STM and rearranged to its quadratic form of t. The solutions of this equation
give the times at which the aδλ(t) passes through a certain point aδλtarget, which can have zero, one,
or two positive real solutions. The largest positive real solution may be used for the critical time to
evaluate the safety condition at the time where aδλtarget = 0. If there are no positive real-valued
roots, the ROE state has already passed the threshold and the spacecraft are not at risk of crossing
in the along track direction. The equation to solve the critical time is given with coefficients c0:2
which are a function of the chief absolute orbit, relative orbit, and impulse velocity:

0 = c2t
2 + c1t+ c0 (26)
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Figure 6. Empirically evaluated countour of E∗ ≥ 0 RN-Safe δv impulses and con-
verged local second order Taylor approximation of safe impulse sets compared to
original guess

The coefficients are provided in the appendix. Evidently, the critical time is coupled to the im-
pulse v. The reference impulse can be iterated as the solution of the vertex of the safe hyperbola
approximation to reach convergence in v∗.

Uncertainty Effects On Escape Solutions

A real spacecraft formation will operate on relative state estimates rather than on universal truth,
necessitating a measure of robustness for practical application. To address the possibility of failure
of the impulsive solution of bringing the formation state to a passively safe orbit, a method is in-
troduced to detect likely post-maneuver violations of the keep out zone. With a maximum tolerable
instantaneous probability of failure P , the constraint of Equation 1 is instead:

P (||r(t)||2 < dmin) ≤ P ∀t ∈ T (27)

Evaluating the distribution of trajectory minimum RN separation from an original state uncertainty
is challenging. The distribution of relative position and velocity states obtained from an onboard
navigation relative filter can be characterized by a Gaussian distribution N (µRTN,ΣRTN). Using
the linear mapping from cartesian RTN states to ROE states15 the distribution can be converted to a
Gaussian in ROE space:

µROE =
RTN→ROE

R µRTN (28)

ΣROE =
RTN→ROE

R ΣRTN
RTN→ROE

R
⊤

(29)
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The minimum RN separation for an arbitrary set of ROE can be calculated exactly using the ana-
lytical approach.19 Several approaches exist to characterize the resulting distribution of minimum
separations from a distribution of ROEs. Common approaches to estimating the statistical moments
include Monte Carlo sampling, linearization, polynomial chaos expansion,21 and the unscented
transformation.22 Monte Carlo sampling is an expensive process that can be too burdensome to
compute online on a resource constrained spacecraft. Additionally, the analytical approach to com-
pute minimum separations cannot be linearized due to the nature of the solution involving a root
finding operation. The unscented transform propagates a number of key “sigma point” samples and
imposes much less computational burden than a Monte Carlo. The 9 dimensional state consisting of
the ROE and drag perturbation rates requires only 19 evaluations of the minimum distance function
and can be evaluated rapidly onboard to approximate the mean and variance of the distribution of
minimum RN distances after a maneuver.

In practice, it can be observed that the chance constraint posed in Equation (27) may lead to
feasibility issues in solutions and may be impossible to satisfy given the instantaneous ROE state
and distribution. Figure 7 displays a comparison for probability of RN safety satisfaction with un-
perturbed dynamics for the same original ROE mean but with different levels of 1σ uncertainty.
Each plot shows a sweep over v values and reports what percentage of samples attained the desired
minimum separation, the probability of success for the given choice of v. The left plot shows un-
certainty at the level of 1 m for each ROE element while the right plot has uncertainty at the level of
5 m per element. The buffer width b between the current separation instantaneous center distance
and the keep out zone radius was 5 m from the mean. For the lower uncertainty case on the left,
a region of maneuvers in v space resulted in 100 % success rate in post-maneuver RN minimum
separation exceeding the specified threshold over 3000 sampled ROE states. In the higher uncer-
tainty case on the right, the best performing impulse yielded only 85% chance of resulting in safe
RN motion. This result empirically demonstrates that maneuvers that guarantee safe RN separation
to a set confidence level may not always exist given a bounded magnitude of v, meaning they can
not be meaningfully solved for. To address the chance-infeasibility problem, an additional scheme

Figure 7. Sampled probability of maneuver resulting in RN safety for 1 m (left) and
5 m (right) 1σ truth state variation

for maneuver execution time decision making is introduced. If first a conjunction is detected by the
conjunction screening method, the maneuvering spacecraft can evaluate the probability of perform-
ing a failed escape maneuver at upcoming timesteps to select a maneuver time that maximizes the
probability of successfully bringing the formation to a passively safe configuration.
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To perform the forward-looking maneuver success probability evaluation, the onboard ROE es-
timate mean and covariance are propagated over a coarse time discretization. For each point in the
scanning horizon, the ROE mean and covariance are computed:

µROE,t = ΦJ2 + Drag(t)µROE,0 (30)

ΣROE,t = ΦJ2 + Drag(t)ΣROE,0Φ
J2 + Drag(t)⊤ (31)

This propagation uses the 9 dimensional drag perturbation augmented state.17 The safe escape
impulse velocity is obtained by iteratively solving Equation (25) with Equation (16) with k = 1
until convergence to a safe impulse. The mean of post-impulse ROE is obtained by applying the
linear Equation (6) to µROE,t, giving the mean of the distributed states. Let f(aδα) be the nonlinear
scalar-valued function that computes the minimum separation in the RN plane. Let s be the random
value described by the distribution of minimum separations obtained by applying f to µROE,t. The
approximated first two moments of s obtained from the unscented transform UT(µROE,t,ΣROE,t, f)
are µs, σs. Treating s as a Gaussian s ∼ N (µs, σs), the probability of escape failure can then be
computed as:

Pfail = P (s < dmin) = Ψ(
dmin − µs

σs
) (32)

Where Ψ in Equation(32) is the cumulative distribution function of the standard normal distri-
bution. This metric of escape failure probability can be combined with the fast maneuver planner
introduced previously to identify regions where the execution of escape maneuvers is most likely to
succeed.

IMPLEMENTATION AND RESULTS

The algorithms for escape maneuver planning and maneuver success probability evaluation are
tested in two relative orbit scenarios. with two different levels of relative navigation accuracy. The
mean Keplerian elements of the chief are identical in both scenarios and are collected in Table 1.
The scenarios consist of a ”Close” case that starts at an initial separation of 30 m and a ”Far” case
that begins at 500 m separation. The mean ROE for both scenarios are on collision course with the 5
m keep out zone. Propagating the uncontrolled mean ROE without intervention results in the deputy
spacecraft entering the 3D keep out zone in RTN within one orbit for the Close scenario and in five
orbits for the Far Scenario. The scenarios are inspired from operational and contingency scenarios
for the VISORS formation-flying mission. The relative RN and RT motion are displayed in Figure
8 for the close scenario and Figure 9 for far scenario.

Two levels of navigation uncertainty are repeated in both scenarios. The covariance is constructed
in the RTN cartesian relative position and velocities as a diagonal matrix with 1σ values listed in
Table 2. The high uncertainty case has 10x higher relative position uncertainty and 5x higher relative
velocity uncertainty. The 1σ uncertainty from the linear transformation to the ROE is recorded for
each case as well.

For each case, the ROE distribution is sampled according to the scenario mean and navigation
covariance in Table 2 to generate a truth state. The state is then converted from mean absolute and
relative orbit elements to J2 osculating quasinonsingular elements with Brouwers method.23 The
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Table 1. Orbital Elements and Relative Orbital Scenarios

Parameter Set Elem. 1 Elem. 2 Elem. 3 Elem. 4 Elem. 5 Elem. 6

Chief Absolute (Kepler) a [km] e [-] i [◦] Ω [◦] ω [◦] M [◦]
6778 0.0035 97.8 157.5 180.0 36.0

ROE [m] aδa aδλ aδex aδey aδix aδiy
Close Scenario 2 23 0.5 10 1 10
Far Scenario 1 457 43 0 2 7
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Figure 8. Scenario 1: Close range RT and RN cartesian relative motion

evolution of the truth state is modelled by integrating the quasinonsingular elements in a custom
event-driven simulation environment.24 The perturbations modelled are drag via NRLMSISE at-
mosphere25 with constant drag area, and Earth with a 60x60 geopotential model. Each satellite’s
ballistic coefficient is drawn from a distribution with µ = [.008, .011] and σ = .0005 to incorporate
varying atmospheric drift conditions. In both cases, the differential drag dynamics will force the
deputy to cross through the critical δrT = 0 crossing.

The Close scenario reflects nominal operation of the mission. The relative orbit is designed with
relative eccentricity/inclination vector separation enforcing a 10x10 m RN ellipse, which is then
subject to differential drag effects which cause it to enter the 5 m keep out zone within one orbit.

The Far scenario begins with a large along track separation of 500 m but an unsafe RN motion.
This is not a nominal operation mode of the formation, but could occur due to some system failure
such as a thruster stuck on in the transfer between the standby and science relative orbits.

Escape Success Probability Prediction

First, the probability of successful escape maneuver metric discussed in the handling uncertainty
section will be examined as a metric for evaluating maneuver success probability. Over a horizon
of 1 orbit with a discretization of 1 minute, the ROE are linearly propagated forward and an escape
maneuver is computed with a maximum bounded magnitude of .006 m/s. The maneuver magni-
tude constraint approximates what the VISORS spacecraft are able actuate in a 90 second window.
Using the post-maneuver ROE elements at each timepoint, the unscented transform approximates
the minimum RN distance distribution to characterize the maneuver effectiveness. The predicted
chance that the single-impulse maneuver planned does not result in a minimum safe RN separation
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Figure 9. Scenario 2: Far range RT and RN cartesian relative motion

Table 2. Navigation Uncertainty (1σ)

Scenario Elem 1 Elem 2 Elem 3 Elem 4 Elem 5 Elem 6

High Uncertainty
RTN [m, m/s] 0.01 0.01 0.01 0.0025 0.0025 0.0025
ROE [m] 4.407 4.407 3.793 3.144 1.782 1.295

Low Uncertainty
RTN [m, m/s] 0.001 0.001 0.001 0.0005 0.0005 0.0005
ROE [m] 0.8814 0.8814 0.7587 0.6289 0.3565 0.2590

is plotted along with sampled probability of violating the minimum separation in RN and in 3D
taken from 3000 samples propagated by the full-force model for both Scenarios and uncertainty
levels.

Figure 10 shows that the predicted failure rate of the maneuvers spiked coinciding with the proba-
bility of violating the RN separation in the Close range, low uncertainty case. In the high uncertainty
case, the prediction showed a significant prediction of risk across the majority of the orbit, but iden-
tified a region of low probability of failure. The results from the Far range case are interesting. The
risk of 3D separation violation displayed in Figure 11 is essentially zero over the samples, however
the RN motion violates the separation bound frequently at multiple points. This causes very high
probability of failure to escape safely in these regions, but high probability of success in other re-
gions. The high uncertainty Far range case was characterized similarly to the Close range case with
substantial probability of failure computed over most of the orbit, though offering some valleys of
lower failure probability. The behavior demonstrated here agrees with the expectations from the
derivation of the closed-form maneuvers, where a lower buffer distance reduced the feasible solu-
tion space. While displaying overconservativeness with regard to collision risk for scenarios with
significant uncertainty, the screening method identified lower regions of failure that can be targeted
for maneuver locations with the arbitrary time impulsive maneuver solution.

COMPARISON WITH STATE OF THE ART

Assuming that an escape response has been triggered, it is important to verify the escape suc-
cess rate against existing state-of-the-art methods. To do so, an escape is triggered from each of
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Figure 10. Close scenario escape maneuver failure probability prediction with low
uncertainty (left) and high uncertainty (right)
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Figure 11. Far scenario escape maneuver failure probability prediction with low
uncertainty (left) and high uncertainty (right)

the scenario and navigation accuracy combinations discussed in the previous section. The escape
computed by the proposed iterative-analytic perturbed solver is compared to an optimization-based
Sequential Convex Programming (SCP) solution to understand the boundaries of what successful
escapes could look like. The optimization solver is designed to compute a single impulse maneuver
that maximizes probability of RN safety over the escape. The time-discretized optimization problem
is stated:

min
v

max Pr (||δrRN,t|| < dmin)

s.t. ||v|| ≤ vmax

aδαt = ΦJ2 + Drag(t) (aδα0 + Γ0v) t = 0, ..., T

δrRTN,t =
ROE→RTN
R(t) aδαt

(33)

A proxy for the stochastic objective can be embedded into a convex optimization problem. The
objective is replaced with a minimization over slack variables that relax convex chance constraints.
The chance constraint was posed in26 as a modification of the deterministic convexified exclusion
zone constraint presented by2 to bound the probability that two objects overlap within their com-
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bined radius. For the relative positioning in RN of the spacecraft, the chance constraint to avoid
overlap with probability p is:

a⊤t rt − dmin ≥ erf−1(1− 2p)
√
2a⊤t Σtat (34)

Where a reference trajectory is used to construct the convexified constraint:

at =
rref,t

||rref,t||2
(35)

The chance constraint is enforced over the along-track proximity window for the reference trajec-
tory, t ∈ Tprox. The proximity window is defined to be the time steps where the RT ellipse intersects
the R axis in the reference trajectory. This can be evaluated as the region in the reference trajectory
where

|aδλ| ≤ 2aδe (36)

In order to minimize the probability of RN separation violation, a slack variable st is added to
the left hand side of Equation (34):

a⊤t rt − dmin + st ≥ erf−1(1− 2p)
√
2a⊤t Σtat (37)

Positive valued slack variables give the flexibility to not respect variable relax the probability
bounds, and the program attempts to minimize this contribution to enforce the chance constraints.
Now the problem can be solved as a sequential convex optimization, given that a convex objective
and constraints are described. The sequential convex program formulation is stated explicitly and is
solved using CVX:27

min
v

max(S = [s1...sT ])

s.t. ||v|| ≤ vmax

aδαt = ΦJ2 + Drag(t) (aδα0 + Γ0v) t = 0, ..., T

δrRTN,t =
ROE→RTN
R(t) aδα(t)

a⊤t δrRTN,t − dmin + st ≥ erf−1(1− 2P )
√
2a⊤t ΣRTN,tat t ∈ Tprox

ΣRTN,t =
ROE→RTN
R(t) ΦJ2 + Drag(t)ΣROE,0Φ

J2 + Drag(t)⊤
ROE→RTN
R(t)

⊤

(38)

At the maneuver location, a maneuver is planned with both the iterative-analytical method and
the SCP method. As in the previous subsection, the relative orbit state is sampled from the distri-
bution and then propagated by the medium-fidelity simulation for 2000 cases. The simulations last
long enough to allow the spacecraft to completely pass one another. For each case, the computed
probability of successfully enforcing the minimum RN separation threshold of the planned maneu-
ver is reported along with the simulation results for the minimum RN separation in the along-track
proximity zone and minimum RTN position over the entire trajectory. The results are tabulated in
Table 3. The CDF of the resulting data is plotted for each case as well in Figure 12 and 13 for the
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close scenario and Figure 14 and 15 for the far scenario. Evidently, the predicted maneuver success
rate in the Ppred column of Table 3 appears to underpredict the actual success rate of the resulting
trajectories in the other columns. The success probability of the analytical solutions in the Pana:RN
and Pana:RTN columns were very close to the optimization based solutions in columns Pscp:RN and
Pscp:RTN, slightly underperforming it in stochastic RN safety in one high-uncertainty scenario and
slightly edging it out in the other high-uncertainty scenario. This demonstrates that subject to mod-
erate uncertainty in the relative navigation solution, safe escape maneuvers can still be planned in
closed form with reasonable effectiveness.

Table 3. Maneuver Success Predicted and Sampled Probability

Scenario Ppred Pana:RN Pana:RTN Pscp:RN Pscp:RTN

Close, High 0.57 0.874 0.962 0.912 1.000
Close, Low 1.00 0.998 1.000 1.000 1.000
Far, High 0.80 0.992 1.000 0.991 1.000
Far, Low 1.00 1.000 1.000 1.000 1.000
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Figure 12. Close scenario high uncertainty escape minimum distance CDF
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Figure 13. Close scenario low uncertainty escape minimum distance CDF
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Figure 14. Far scenario high uncertainty escape minimum distance CDF
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Figure 15. Far scenario low uncertainty escape minimum distance CDF

CONCLUSIONS AND WAY FORWARD

Distributed space systems and autonomous formation-flying missions require the ability to rapidly
detect and react to collision contingencies using highly limited onboard computational resources.
Addressing this operational need, this work presents a comprehensive system for rapid conjunction
assessment and passively safe maneuver generation designed for autonomous co-orbiting space-
craft operating at proximity ranges of 5 to 500 meters in perturbed, near-circular low-Earth orbits.
To solve the collision avoidance problem without relying on ground intervention, this study in-
troduced a three-part onboard system. First, a method was developed to compute instantaneous
collision risk using uncertainty propagation in quasi-nonsingular relative orbital elements. Second,
an analytical impulsive maneuver algorithm enforces passive safety in the radial/cross-track plane
while inducing a controlled along-track drift to promote sustained separation over multiple orbits.
Finally, because feasibility guarantees were shown to degrade under state uncertainty, a stochastic
maneuver success probability evaluation framework was introduced to identify the most suitable
windows for execution.

The proposed approach was successfully demonstrated and validated using Monte Carlo simu-
lations based on scenarios from the VISORS formation-flying mission. By utilizing closed-form
solutions and efficient propagation methods, the developed system has the potential to reduce com-
putational costs while delivering probabilities of safe execution comparable to a chance-constrained
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sequential convex programming solution.

Ultimately, this system is demonstrated to provide feasible solutions in uncertain, perturbed envi-
ronments, proving highly suitable for real-time execution on resource-constrained space hardware.
Moving forward, several avenues can be explored to maximize safety criteria and improve fuel ef-
ficiency. A hybrid control approach could be implemented where the closed-form passively safe
maneuver acts as an immediate first-stage response, followed by a refinement step utilizing pre-
trained neural networks or onboard convex optimization when time and computational limits allow.
This could serve to increase the fuel effeciency of the maneuver or optimize maneuvers to min-
imize collision risk rather than just meeting a risk tolerance. Additionally, integrating adaptive
uncertainty quantification to dynamically adjust safety margins based on real-time system health
or navigation quality would enhance robustness without generating overly conservative responses.
Finally, conducting formal sensitivity studies to evaluate maneuver effectiveness against varying
actuation errors and navigation uncertainties will strengthen the validation of the system for edge
cases operating near safety thresholds.
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APPENDIX

Unperturbed Solution Coefficients

A1,1 =
1

n2

[
(aδiy cos(um)− aδix sin(um))2 − r2aux

]
A1,2 = − 1

n2

[
(aδiy cos(um)− aδix sin(um))

(
2δvt
n

+ aδex cos(um) + aδey sin(um)

)]
A2,1 = − 1

n2

[
(aδiy cos(um)− aδix sin(um))

(
2δvt
n

+ aδex cos(um) + aδey sin(um)

)]
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1

n2
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2δvt
n

+ aδex cos(um) + aδey sin(um)
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− r2aux
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B1,1 =
1

n
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2r2aux(aδey cos(um)− aδex sin(um))

− (aδiy cos(um)− aδix sin(um))

(
2aδix

(
aδex +

2δvt
n

cos(um)

)
+ 2aδiy

(
aδey +

2δvt
n

sin(um)

))]

B2,1 =
1

n
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2δvt
n

+ aδex cos(um) + aδey sin(um)

)(
2aδexaδix + 2aδeyaδiy +

4aδiyδvt
n

sin(um) +
4aδixδvt

n
cos(um)

)

− 2r2aux(aδix cos(um) + aδiy sin(um))

]

C =

(
aδix

(
aδex +

2δvt
n

cos(um)

)
+ aδiy

(
aδey +

2δvt
n

sin(um)

))2

− r2aux

((
aδex +

2δvt
n

cos(um)

)2

+ (aδix)
2 + (aδiy)

2 +

(
aδey +

2δvt
n

sin(um)

)2
)

+ r4aux
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Perturbed Solution Intermediate Quantities

η =
√
1− e2c

κ =
3

4

J2R
2
e
√
µ

a
7/2
c η4

P = 3 cos2(ic)− 1

Q = 5 cos2(ic)− 1

S = sin(2ic)

T = sin2(ic)

E = 1 + η

F = 4 + 3η

ẇ = κQ

G =
1

η2

wf = wc + ẇδt
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Perturbed STM Components

ΦJ2(αc(t), τ) =



1 0 0 0 0 0

ΦJ2
21 1 0 0 ΦJ2

25 0
0 0 cos(ω̇τ) sin(ω̇τ) 0 0
0 0 − sin(ω̇τ) cos(ω̇τ) 0 0
0 0 0 0 1 0

ΦJ2
61 0 0 0 ΦJ2

65 1



ΦJ2
21 = −

(
3

2
n+

7

2
κ(1 + η)(3 cos2(ic)− 1)

)
τ

ΦJ2
25 = −κ(4 + 3η) sin(2ic)τ

ΦJ2
65 = 2κ sin2(ic)τ

ΦJ2
61 =

7

2
κ sin(2ic)τ

ΦJ2 + Drag(αc(t), τ) =


ΦJ2(αc(t), τ)

τ 0 0

Φ
J2 + Drag
27 0 0
0 τ 0
0 0 τ
0 0 0

Φ
J2 + Drag
67 0 0

03×6 I3×3



Φ
J2 + Drag
27 = −

(
3

4
n+

7

4
κ(1 + η)(3 cos2(ic)− 1)

)
τ2

Φ
J2 + Drag
67 =

7

4
κ sin(2ic)τ

2

T-Direction Zero Crossing Coefficients

c0 = aδλ− 2

n
δvr − aδλt

c1 =

(
−3

2
n− 7

2
κEP

)(
aδa+

2

n
δvt

)
− κFS

(
aδix +

1

n
cos(um)δvn

)
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(
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n− 7

4
κEP

)
δȧ
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Perturbed Solution Coefficients

A∗
1,1 =

1

n2

[
(aδix)

2 − 2r2aux + (aδiy)
2 − (aδix)

2 cos(2um + 2δtẇ)

+ (aδiy)
2 cos(2um + 2δtẇ)− 2aδixaδiy sin(2um + 2δtẇ)

]

A∗
1,2 =

1

n2

[
cos(um) (sin(um + δtẇ)(4aδexaδix + 2aδeyaδiy)− 2aδexaδiy cos(um + δtẇ))

− (cos(um + δtẇ)(2aδexaδix + 4aδeyaδiy)− 2aδeyaδix sin(um + δtẇ)) (sin(um) + 2Tδtκ cos(um))

]

A∗
2,1 =

1

n2

[
cos(um) (sin(um + δtẇ)(4aδexaδix + 2aδeyaδiy)− 2aδexaδiy cos(um + δtẇ))

− (cos(um + δtẇ)(2aδexaδix + 4aδeyaδiy)− 2aδeyaδix sin(um + δtẇ)) (sin(um) + 2Tδtκ cos(um))

]

A∗
2,2 =

1

n2

[
−
(
(−2(aδey)

2 + 2r2aux)(sin(um) + 2Tδtκ cos(um))− 2aδexaδey cos(um)
)
(sin(um) + 2Tδtκ cos(um))

− cos(um)
(
cos(um)(−2(aδex)

2 + 2r2aux)− 2aδexaδey(sin(um) + 2Tδtκ cos(um))
) ]

B∗
1,1 =

1

n

[
cos(um + δtẇ)

(
2aδeyr

2
aux − 2aδiy(aδexaδix + aδeyaδiy)

)
− 2 cos(um + δtẇ)

(
δvt
n

sin(um + δtẇ)(−2(aδix)
2 + 2r2aux)

+
2aδixaδiyδvt

n
cos(um + δtẇ)

)

+ 2 sin(um + δtẇ)

(
δvt
n

cos(um + δtẇ)(−2(aδiy)
2 + 2r2aux)

+
2aδixaδiyδvt

n
sin(um + δtẇ)

)
− sin(um + δtẇ)

(
2aδexr

2
aux − 2aδix(aδexaδix + aδeyaδiy)

)
− 7Sδtκ

(
δvt
n

cos(um + δtẇ)(2aδexaδix + 4aδeyaδiy)−
2aδeyaδixδvt

n
sin(um + δtẇ)

)]
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B∗
2,1 =

1

n

[
2 cos(um + δtẇ)

(
δvt
n

cos(um)(4aδexaδix + 2aδeyaδiy)

+
2aδeyaδixδvt

n
(sin(um) + 2Tδtκ cos(um))

)
− cos(um)

(
2aδixr

2
aux − 2aδex(aδexaδix + aδeyaδiy)

)
+ 2 sin(um + δtẇ)

(
δvt
n

(2aδexaδix + 4aδeyaδiy)(sin(um) + 2Tδtκ cos(um))

+
2aδexaδiyδvt

n
cos(um)

)
− (sin(um) + 2Tδtκ cos(um))

(
2aδiyr

2
aux − 2aδey(aδexaδix + aδeyaδiy)

)
− 7Sδtκ

(
δvt
n

(−2(aδey)
2 + 2r2aux)(sin(um) + 2Tδtκ cos(um))− 2aδexaδeyδvt

n
cos(um)

)]
C∗ = (aδexaδix + aδeyaδiy)

2

− δvt
n

(
cos(um + δtẇ)

(
4aδexr

2
aux − 4aδix(aδexaδix + aδeyaδiy)

)
+ sin(um + δtẇ)

(
4aδeyr

2
aux − 4aδiy(aδexaδix + aδeyaδiy)

)
+ 7Sδtκ

(
2aδiyr

2
aux − 2aδey(aδexaδix + aδeyaδiy)

))
− r2aux

(
(aδex)

2 + (aδey)
2 + (aδix)

2 + (aδiy)
2
)

+ sin(um + δtẇ)

(
4aδixaδiyδvt

n2
cos(um + δtẇ)

− 2δvt
n2

sin(um + δtẇ)(−2(aδiy)
2 + 2r2aux)

+
7Sδtδvtκ

n2
(2aδexaδix + 4aδeyaδiy)

)

+ cos(um + δtẇ)

(
4aδixaδiyδvt

n2
sin(um + δtẇ)

− 2δvt
n2

cos(um + δtẇ)(−2(aδix)
2 + 2r2aux)

+
14Saδeyaδixδtδvtκ

n2

)
+ r4aux

+ 7Sδtκ

(
δvt
n2

sin(um + δtẇ)(2aδexaδix + 4aδeyaδiy)

+
2aδeyaδixδvt

n2
cos(um + δtẇ)

− 7Sδtδvtκ

2n2
(−2(aδey)

2 + 2r2aux)

)
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