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Abstract— Miniaturized space-borne multi-agent systems,
a.k.a spacecraft swarms, promise to overcome the limitations
of monolithic satellites, across the board, from capabilities
to mission costs. Nevertheless, the use of low-size-weight-and-
power as well as commercial-off-the-shelf hardware make them
more prone to contingencies which may cause loss of control
capabilities. Therefore, spacecraft swarms shall be collision-
free in the presence of contingencies that prevent trajectory
re-planning and control on the short term. Passive safety
consists in guaranteeing safe separation robust to control losses,
while in presence of system uncertainties. This paper explores
both closed-form and direct optimization-based approaches to
swarm passive safety, highlighting advantages, limitations and
comparing them on a representative test case drawn from
the upcoming VIrtual Super Optics Reconfigurable Swarm
(VISORS) mission. The underlying shared mathematical foun-
dation is the modeling of the swarm dynamics through a state
parameterization in integration constants. Such state choice
provides unique geometrical intuition at closed-form level, and
makes passive safety tractable at direct optimization level. In
particular, it permits to exploit variation of parameters to
reduce the number of constraints required to enforce passive
safety, and to compensate for nonintegrable dynamics and
uncertainty effects. Besides the key trades, this paper shows how
the presented approaches can enable tight and reconfigurable
satellite swarming in the presence of contingencies.

I. INTRODUCTION

Multi-agent spaceborne systems demand high levels of
safety, robustness and fault tolerance. Such risk-adversion
is mainly dictated by the consequences a collision in space
may have both in terms of debris generation and invest-
ment losses. In recent years, the trends of spacecraft bus
miniaturization and use of low size-weight and power (low-
SWaP) as well as commercial-of-the-shelf (COTS) hardware
increased the likelihood of contingencies that directly or indi-
rectly cause permanent or temporary incapability to control
a spacecraft [1]. Fault tolerant strategies become therefore
fundamental to mitigate the consequences and keep the risks
associated to flying such systems within tolerable levels [2].
This paper focuses specifically on passive safety (PS), which
consists in providing guarantees of safe separation robust to
control losses, in presence of system uncertainties.

First attempts to account for PS into multi-agent control
date back to the coelliptic rendevous of the Apollo missions
[3], and lately to the colocation of geostationary satellites in
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shared longitude slots [4]. Subsequently, PS became a funda-
mental enabler of the first binary formation-flying missions
in low earth orbit (LEO) [5]. Here, the relative orbits were
designed such as safe separation was always guaranteed in
the radial/normal orbital directions, irrespective of failures
of controlling and/or estimating the separation in the along-
track direction [6]. Idea then generalized to N -spacecraft
swarms in near-circular orbits [7]. The main limitations of
this literature are: 1) PS is explored at orbit design level and
not as a formal constraint within the optimal control problem
(OCP), 2) PS guarantees are given under assumptions on the
orbit type and dynamics (e.g, near-circularity, linearized two-
body dynamics, or with specific perturbations), 3) PS is en-
forced through possibly over-conservative constraints on the
relative orbit design (e.g., energy matching conditions, sub-
state designs). In general, these limitations cause the current
state-of-the-art to fall short in addressing the needs required
by future swarm missions, both in terms of applicability,
breath and robustness.

Developing on preliminary works of the authors [8], [9],
this paper contributes to the state-of-the-art by presenting
a general mathematical framework to model swarm PS
efficiently. This framework is based on the use of the inte-
gration constants (IC) of an integrable portion of the swarm
dynamics as state variables. Using IC permits to leverage
variation of parameters (VoP) [10] to achieve: 1) a reduction
of the number of constraints required to enforce PS, 2)
a compensation of nonintegrable dynamics and uncertainty
effects. This motivates the use of closed-form analysis jointly
with direct optimization to enforce PS efficiently within an
OCP. In particular, the paper shows how direct optimization
can generalize over closed-form analysis, while leveraging
it to enforce PS in a tractable way. The result is a control
algorithm that achieves passively safe spacecraft swarming
efficiently in broader orbital scenarios, while in presence
of realistic system uncertainties from sensing, actuation,
and unmodeled system dynamics. In this paper, the direct
optimization scheme used is based on sequential convex
programming (SCP) [11], [12], and is combined with model
predictive control (MPC) [13] to retrieve closed-loop prop-
erties.

The paper is structured as follows, Section II and III show
how to model efficiently the swarm dynamics and PS using
IC, Section IV develops improved closed-form expressions
for swarm PS in eccentric orbits, Section V presents how
to include PS efficiently within a generic OCP solvable
through direct optimization, finally, Section VI compares the
approaches on the upcoming VISORS mission [14].
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II. SWARM DYNAMICS

The swarm motion in space is described by a reference
orbit, either occupied by a chief spacecraft or virtual, and
by N relative trajectories defined with respect to this ref-
erence. The reference orbit is uniquely defined by a set of
orbital elements (OE): œ ∈ R6. Let us use the quasi non-
singular OE definition [15]: œ = {a, λν , ex, ey, i,Ω}, with
a the semi-major axis, λν = ν + ω the true argument of
latitude, ν the true anomaly, ω the argument of perigee,
{ex, ey} = {e cos(ω), e sin(ω)} the eccentricity vector, e the
eccentricity, i the inclination, and Ω the right ascension of
the ascending node. The N relative trajectories are defined
by the relative Cartesian state expressed in the radial/along-
track/normal (RTN) [15] frame centered on the reference, as
χk = {δrk, δṙk} ∈ R6, for k = 1, . . . N , where δrk ∈ R3

and δṙk ∈ R3 are correspondingly the relative position
and velocity of the kth spacecraft. The dynamics of χk is
governed by a set of nonlinear ODE [16]

χ̇k(t) = z(χk(t)) + p(χk(t)) +Buk(t) (1)

where, z(.) ∈ R6 models the relative effect of two-body
spherical gravity as well as Euler, centrifugal and Coriolis
accelerations raising from the non-inertial (and potentially
perturbed) nature of the rotating RTN frame, p(.) ∈ R6

models the differential effect of orbital perturbations, and
uk ∈ R3 is the kth spacecraft control acceleration expressed
in RTN frame, with B = [03×3; I3×3] ∈ R6×3 the control
input matrix. The relative dynamics in Eq. 1 depends on the
reference OE, this dependence is let implicit in the notation
for compactness. In literature, analytical solutions for the
homogeneous nonlinear part of Eq. 1 are not available.
Nevertheless, linearizing the differential spherical gravity
terms in z(.) for small spacecraft separations, Eq. 1 is
rewritten exactly as

χ̇k(t) = A(t)χk(t) + d(χk(t)) +Buk(t) (2)

where A ∈ R6×6 is the linear(ized) integrable part, and
d(.) ∈ R6 is the nonlinear nonintegrable part named here-
after the ”disturbance term”, which contains both p(.) and
the truncated higher-order terms of z(.). Since the beginning
of spaceflight, solutions for the linear part of Eq. 2 have
been developed by different authors. For example, Hill,
Clohessy and Wiltshire (HCW) developed a famous solution
for spacecraft in near-circular orbits [17], whereas Yamanaka
and Ankersen (YA) for spacecraft in eccentric orbits [18]. All
these solutions share common structure: χk(t) ≈ Ψ(t)ck,
where, ck = {c1,k, c2,k, c3,k, c4,k, c5,k, c6,k} ∈ R6 is the kth

spacecraft IC state, and Ψ is the fundamental matrix solution
of the linear ODE. Such fundamental matrix depends on
time, usually through the true anomaly ν = ν(t), but does
not depend on the IC since the integrated ODE is linear. In
this paper, the IC state selected is a tuned version of the YA’s
one. The associated Ψ is presented in Eq. 21 in Appendix as
a function of the reference OE. ck is non-dimensional, which
makes the first three rows of Ψ having dimension of length,
and the last three rows of length over time. Ψ models both

bounded periodic motion and unbounded (unstable) motion.
If c1,k ̸= 0, the motion is unstable in both along-track
and radial direction if the reference orbit is eccentric, or
just in along-track direction if the orbit is near-circular. If
c1,k = 0 the motion is bounded and periodic. In literature,
the relative spacecraft state is modeled using relative orbital
elements (ROE) as linear or nonlinear combination of the
OE of two spacecraft or of a reference and a spacecraft. The
ROE provide clear geometrical interpretation to the relative
motion and are first-order equivalent of the IC [19]. Eq. 22
in Appendix provides a linear map between the used IC and
the ROE. The effect of nonintegrable dynamics and control
acceleration on the IC is modeled using VoP [10], as

ċk(t) = dc(t, ck(t)) +Bc(t)uk(t) (3)

where, the drift vector is dc(t, ck(t)) = Ψ−1(t)d(ck(t)) ∈
R6 and the control input matrix Bc(t) = Ψ−1(t)B ∈ R6×3.

Let us consider a closed-loop control setting where the
swarm has to find a control plan ũk(t) ∈ R3, for t ∈ [t0, tf ],
to move form an initial configuration at t0 to a final one at
tf , acquiring at instants te ∈ [t0, tf ] an updated estimate
of its IC state: c̃k(te) ∈ R6. Such estimate is the mean
of a Gaussian distribution: N (c̃k(te),Ck(te)), provided by
the on-board navigation, where Ck(te) ∈ R6×6 is the error
covariance matrix. Let us assume the swarm has available
on-board a model approximating the real disturbance term:
d̃(.) ∈ R3. Using this model and VoP, the estimated mean
state, c̃k(t), is propagated for t ≥ te, as

˙̃ck(t) = d̃c(t, c̃k(t)) +Bc(t)ũk(t) (4)

where, d̃c(.) = Ψ−1(.)d̃(.) ∈ R6. Moreoever, the covariance
matrix, Ck(t), is propagated in a linearized sense as

Ċk(t) =D̃c(t, c̃k(t))Ck(t) +Ck(t)D̃
T

c (t, c̃k(t))

+Bc(t)Uk(t)B
T
c (t) +Qk(t) +Ek(t)

(5)

where, D̃c(.) = ∂d̃c(.)
∂c

∣∣
c̃k

∈ R6×6. Uk(t) ∈ R3×3 is the
power spectral density of the zero-mean white Gaussian
noise introduced by actuation on ũ(t). Qk(t) ∈ R6×6 is
the power spectral density of the zero-mean white Gaussian
process-noise capturing the difference: d̃c(.)−dc(.). Finally,
Ek(t) = δ(t − tẽ)E(Ck(tẽ)) ∈ R6×6 models the effect of
expected future measurements on the covariance, where δ(.)
is the Dirac delta function, and E(.) is a function of the
predicted estimated covariance at future measurement instant
tẽ. Modeling the effect of future measurements informs
intermediate open-loop control solutions of the closed-loop
covariance behavior, preventing possible unfeasibility due to
the growth of the uncertainty propagated in open-loop.

III. SWARM PASSIVE SAFETY

PS consists in providing guarantees of safe separation
robust to control losses, in presence of system uncertainties.
Different classes can be considered, depending on the type
of contingency causing the control loss and the number
of spacecraft involved. In this paper, PS has to guarantee
separation ≥ ϵ ∈ R>0 even if any subset or combination of
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spacecraft lose control at any instant in (t0, tf ], without being
able to recover it and re-plan to avoid collision until tf +T .
This in presence of uncertainties from navigation, actuation,
and process-noise. Fig. 1 gives a graphical representation.
The challenges in guaranteeing such level of safety are: 1) the

Fig. 1. Passive safety (PS). The spacecraft controlled trajectories are in
solid lines, the uncontrolled ones in dashed lines, the shaded blue ellipses
represent the uncertainty distributions of the Cartesian position evaluated at
q-σ confidence interval.

dynamics governing the motion after a contingency is gener-
ally nonintegrable in closed-form, 2) the minimum separation
between spacecraft has to be computed over the uncertainty
distributions evaluated at a specified q-σ confidence interval,
where q ∈ N>0 and σ is a statistical standard deviation,
3) in a discrete-time setting, the number of constraints is
polynomial (super-linear) in the number of discrete time
samples in (t0, tf + T ] [9]. Nevertheless, the use of IC as
state variables enables to exploit VoP, and specifically, a
geometrical interpretation of VoP known as the ”osculation
principle” (OP) [15], presented in Fig. 2. OP states that
the trajectory followed by one spacecraft in Cartesian space
under action of integrable dynamics, disturbance term and
control (Eq. 2), is instantaneously tangent to the manifold
of the integrated dynamics associated to the value the IC
state assumes at that instant through Eq. 3. Let us use OP

Fig. 2. Osculation principle (OP) and PS modeling. The motion of χ(t)
governed by Eq. 2 is instantaneously contained in Ψ(t)c(t), with the
evolution in time of c(t) governed by Eq. 3. The bound βkjil accounts
for effects of nonintegrable dynamics and uncertainties on the minimum
separation S∗

kjil between agents kth and jth who loss control at instants
ti and tl respectively.

to model PS. In particular, let us assume that, at instant ti,
a contingency affects spacecraft kth which is not capable

to control anymore ∀t ∈ [ti, tf + T ]. According to OP,
if at instant ti the disturbance term is turned off too, the
spacecraft starts moving on the manifold of the integrated
dynamics defined as: Ψ(t)ck(ti), ∀t ∈ [ti, tf + T ]. Where
ck(ti) is obtained integrating Eq. 3 up to ti. Similarly, it
can be said for any other jth spacecraft which may lose
control at instant tl. Therefore, assuming the dynamics after
contingency integrable, the PS constraint for the couple kj
is written as

Skjil(t) = ||SΨ(t) (ck(ti)− cj(tl))||2 ≥ ϵ (6)

∀ti ∈ (t0, tf ], ∀tl ∈ (t0, tf ], ∀t ∈ [max {ti, tl}, tf + T ];
for k = 1, . . . N − 1, j = k + 1, . . . N . Where S ∈ R3×6

selects the relevant components within the state, and ||.||2 is
the 2-norm. For example, if safe separation is enforced in
3-D then S = [I3×3,03×3], if in RN plane then the left-
block’s diagonal is [1, 0, 1], if in RT plane then it is [1, 1, 0].
A necessary and sufficient condition of Eq. 6 is

S∗
kjil = Skjil(t

∗
kjil) = ||SΨ(t∗kjil) (ck(ti)− cj(tl)) ||2 ≥ ϵ (7)

with
t∗kjil = arg min

t∈[max {ti,tl},tf+T ]
{Skjil(t)} (8)

∀ti ∈ (t0, tf ], ∀tl ∈ (t0, tf ], for k = 1, . . . N − 1, j =
k + 1, . . . N . Where, t∗kjil is the instant at which agents
kth and jth reach minimum separation on the uncontrolled
trajectories generated by control losses at instant ti and tl
respectively, and S∗

kjil is such minimum separation. Note
that, by using OP (Eq. 6), Skjil(t) is a closed-form expres-
sion of the IC. Therefore, t∗kjil results being a function of
ck(ti) and cj(tl). This makes S∗

kjil a function of the IC
states and independent from the time along the uncontrolled
trajectories, as

S∗
kjil = S∗

kjil(ck(ti), cj(tl)) (9)

This has an important implication:

Remark III.1. Assuming that the dynamics is integrable af-
ter a contingency, safe separation all-along the uncontrolled
trajectories is enforced through a constraint on the IC states
evaluated at the contingency instants, which is independent
from the time along the uncontrolled trajectories.

Remark III.1 directly implies that, to enforce PS, safe sep-
aration does not have to be checked at each instant along the
uncontrolled arcs but just once per kjil-combination using
Eq. 7-8. This reduces the number of constraints required
to enforce PS by one polynomial degree of the number
of discrete time samples [9]. Specifically, from cubic to
quadratic for each couple of active agents, or from quadratic
to linear if one agent in the couple is permanently passive
(as for the VISORS mission scenario in Section VI).

Nevertheless, the effects on S∗
kjil of nonintegrable dy-

namics and uncertainties need to be accounted for. To that
end, the net effect due to uncertainty on the state along the
controlled trajectory at instant ti is quantified as

σ∆ki =

∣∣∣∣∣∂S∗
kjil

∂ck

∣∣∣∣
c̃k(ti)

q
√
Diag(Ck(ti))

∣∣∣∣∣ (10)
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where, σ∆ki ∈ R≥0, ∂S∗/∂c ∈ Rs, and the Diag(.)
operator extracts the diagonal vector from a square matrix.
Moreover Eq. 4-5 are used to quantify the integrated ef-
fect due to nonintegrable dynamics on the estimated mean
state and covariance along the uncontrolled trajectories over
[ti, ti + T ], as

d∆ki =

∣∣∣∣∣∂S∗
kjil

∂ck

∣∣∣∣
c̃k(ti)

∫ tf+T

ti

d̃c(τ, c̃k(τ))dτ

∣∣∣∣∣
+

∣∣∣∣∣∣∂S
∗
kjil

∂ck

∣∣∣∣
c̃k(ti)

q

√√√√∣∣∣∣∣Diag

(∫ tf+T

ti

D̃c(τ, c̃k(τ))Ck(τ) +Ck(τ)D̃
T

c (τ, c̃k(τ)) +Qk(τ)dτ

)∣∣∣∣∣
∣∣∣∣∣∣

(11)

where, d∆ki ∈ R≥0, and the absolute value |.| is ap-
plied element-wise for vector quantities. Note that c̃k(ti)
and Ck(ti) are obtained by propagating Eq. 4-5 up to
contingency instant ti. This is done identically for the jth

spacecraft. Let assume these effects are bounded, as

σ∆ki + d∆ki + σ∆jl + d∆jl ≤ βkjil (12)

where βkjil ∈ R≥0 is a bounding constant. Using this bound,
a sufficient condition of PS, robust to nonintegrable dynamics
and q-σ uncertainty, is

S∗
kjil(c̃k(ti), c̃j(tl)) ≥ ϵ+ βkjil (13)

∀ti ∈ (t0, tf ], ∀tl ∈ (t0, tf ], for k = 1, . . . N − 1, j =
k + 1, . . . N . Here, S∗

kjil is evaluated at the estimated mean
IC state values. Note how this sufficient condition entails
the reduced number of constraints implied by Remark III.1.
A graphical representation is provided in Fig. 2. In the
following of the paper for compactness: ϵkjil = ϵ+ βkjil.

IV. CLOSED-FORM ANALYSIS

Closed-form analysis aims to provide an analytical ex-
pression to S∗

kjil, or to a lowerbound S∗
kjil ≤ S∗

kjil. To
that end, Eq. 7-8 have to be solved analytically using Ψ
in Eq. 21 in Appendix. The full 3-D solution for swarm in
eccentric orbit accounting for both bounded and unbounded
motion is rather complicated. Therefore in literature [6], [7],
authors have developed reduced solutions by: 1) assuming
c1,k ∼ 0, ∀k, and so enforcing the relative motion bounded
and periodic for all spacecraft, 2) decomposing the full 3-D
problem in two 2-D sub-problems (RN and RT), 3) assuming
near-circular orbits. In this section, the third assumption
is removed, and two lowerbounds: S∗RN

kjil and S∗RT
kjil , are

computed for swarm in eccentric orbits. Here, the super-
scripts RN/RT refer to the sub-planes in which the minimum
separation is computed. To that end, for compactness, let
us define: ckjil = ck(ti) − cj(tl). Using this notation and
assuming c1,k ∼ 0, from Eq. 21, the first three components
of Ψ(t)ckjil are

δrR,kjil(t) ≈ −ac34,kjil cos(λν(t)− θ34,kjil)

δrT,kjil(t) ≈
1

ρ(ν(t))
ac2,kjil +

( 1

ρ(ν(t))
+ 1
)
ac34,kjil sin(λν(t)− θ34,kjil)

δrN,kjil(t) ≈
1

ρ(ν(t))
ac56,kjil sin(λν(t)− θ56,kjil)

(14)

which represent the relative position of kth and jth space-
craft along the uncontrolled trajectories generated by control
losses at instant ti and tl respectively. The IC state has
been expressed in polar form cab,kjil = {ca,kjil, cb,kjil} =

cab,kjil{cos(θab,kjil), sin(θab,kjil)}. In Eq. 14, the terms
function of ρ(ν(t)) hinder a clear geometrical interpretation
of the motion. In particular, ρ(ν) = 1 + e cos(ν) ∈ [1 −
e, 1 + e]. Its two extreme values are achieved at the apogee
and at the perigee of the eccentric orbit. If ρ(ν) is fixed to
ρ̄ ∈ [1 − e, 1 + e], Eq. 14 has geometrical representation
as in Fig. 3. Such representation is not the real relative

Fig. 3. Geometrical representation of Eq. 14, fixing ρ(ν(t)) = ρ̄. In near-
circular orbit, being ρ(ν(t)) ≈ 1 ∀t, it becomes the true representation of
the relative motion.

motion in eccentric orbit, which includes ρ(ν) as a time
varying function of the true anomaly. On the other hand,
at each ν(t) = ν̄, the real relative motion trajectory is
tangent to the ellipses in Fig. 3 at the point λν = ω + ν̄,
with ρ̄ = 1 + e cos(ν̄). This implies that, a lowerbound of
the real separation between spacecraft on the uncontrolled
trajectories can be computed in either RN or RT planes by
evaluating the minimum separations of the two ellipses from
the origin. As presented in the following, these minimum
separations assume extremal values at the perigee and apogee
of the eccentric orbit. The minima of these extremals are by
definition lowerbounds of S∗

kjil, and can be used in Eq. 13 to
achieve PS. Being the uncontrolled relative motion assumed
bounded and periodic, PS is achieved infinitely (T=∞).
Nevertheless, assuming c1,k ∼ 0 can be rather limiting, and
is overcome by direct optimization in Section V.

A. Passive Safety in RN-plane

The minimum separation of the RN ellipse from the
origin is computed as the minimum eigenvalue ΛRN

kjil(ρ̄) of
a singular value decomposition (Fig. 3, right) as

S∗RN
kjil (ρ̄) =

√
2a|c34,kjil·

c56,kjil
ρ̄ |[

(c34,kjil)2+

(
c56,kjil

ρ̄

)2

+|c34,kjil+
c56,kjil

ρ̄ |·|c34,kjil−
c56,kjil

ρ̄ |
]1/2 (15)

Consistently with Remark III.1, S∗RN
kjil (ρ̄) is, for a fixed

value of ρ̄, independent from time and function of the
IC states evaluated at the contingency instants. Taking the
partials with respect to ν̄, its smallest and largest values are
achieved correspondingly at the perigee and apogee of the
eccentric orbit. Therefore, a lowerbound over the full orbit is
obtained substituting ρ̄ with 1+e. Using Eq. 15, the sufficient
condition of PS in Eq. 13 can be rewritten as

|ĉ34,kjil · ĉ56,kjil| = | cos(θ34,kjil − θ56,kjil)| ≥ cos(ξkjil(ρ̄)) (16)

with

cos(ξkjil(ρ̄)) =
ϵkjilρ̄

ac34,kjilc56,kjil

√
(c34,kjil)2 +

(
c56,kjil

ρ̄

)2
− ϵ2kjil

a2 (17)
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∀ti ∈ (t0, tf ], ∀tl ∈ (t0, tf ], for k = 1, . . . N − 1,
j = k + 1, . . . N . Where, cab,kjil = cab,kjilĉab,kjil. Eq.
16-17 have an interesting geometrical interpretation in IC
space, as presented in Fig. 4. In particular, to maintain PS
in RN-plane the phase angle between the vectors c34,kjil
and c56,kjil, i.e. θ34,kjil − θ56,kjil, must be either contained
in the interval [−ξkjil(ρ̄), ξkjil(ρ̄)] (parallel configuration)
or in the interval [π − ξkjil(ρ̄), π + ξkjil(ρ̄)] (anti-parallel
configuration), where the most and least tight conditions are
achieved correspondingly at the perigee and apogee of the
eccentric orbit. Eq. 16-17 represent the c34/c56-separation
concept, which in near-circular orbit, using ROE, becomes
the relative eccentricity/inclination-separation concept [6],
flown in LEO [5].

Fig. 4. Graphical representation of the sufficient condition of RN-passive
safety in Cartesian space (on the left) and in IC space (on the right), for
swarms in eccentric orbits.

B. Passive Safety in RT-plane

The minimum separation of the RT ellipse from the origin
is computed solving analytically Eq. 8 as a function of λν ,
by using Eq. 14 and fixing ρ̄. This results in a minimum
separation of

S∗RT
kjil (ρ̄)


= a 1

ρ̄c2,kjil − a
(

1
ρ̄ + 1

)
c34,kjil not-encircling

=


√
a2c234,kjil −

1
1+2ρ̄a

2c22,kjil
ϵkjil

a ≤ c34,kjil <
1+ρ̄
ρ̄

ϵkjil

a

a
(

1
ρ̄ + 1

)
c34,kjil − a 1

ρ̄c2,kjil c34,kjil ≥ 1+ρ̄
ρ̄

ϵkjil

a

encircling
(18)

where ”not-encircling” refers to Fig. 5, top left, whereas,
”encircling” refers to Fig. 5, center and bottom left. Con-
sistently with Remark III.1, S∗RT

kjil (ρ̄) is, for a fixed value
of ρ̄, independent from time and function of the IC states
evaluated at the contingency instants. Taking the partials
with respect to ν̄, its smallest and largest values are achieved
correspondingly at the perigee and apogee of the eccentric
orbit for the not-encircling case, and at the apogee and
perigee for the encircling case. Therefore, a lowerbound over
the full orbit can be obtained by substituting ρ̄ with 1+e for
the not-encircling case, whereas with 1−e for the encircling
case. Using Eq. 18, the sufficient condition of PS in Eq. 13
can be rewritten as

|c2,kjil|


≥ (1 + ρ̄)c34,kjil +

ϵkjil

a not-encircling

≤

{ √
(1 + 2ρ̄)(c234,kjil −

ϵ2kjil

a2 ) if ϵkjil

a ≤ c34,kjil <
1+ρ̄
ρ̄

ϵkjil

a

(1 + ρ̄)c34,kjil − ϵkjil

a if c34,kjil ≥ 1+ρ̄
ρ̄

ϵkjil

a

encircling (19)

∀ti ∈ (t0, tf ], ∀tl ∈ (t0, tf ], for k = 1, . . . N − 1, j =
k + 1, . . . N . In IC space, Eq. 19 has representation as in
Fig. 5, right, where the most tight and least tight conditions
are achieved correspondingly at the perigee and apogee for

the not-encircling case, and at the apogee and perigee for
the encircling case. In near-circular orbit, using ROE, Eq.
19 reduces to the solutions in [7].

Fig. 5. Graphical representation of the sufficient condition of RT-passive
safety in Cartesian space (on the left) and in IC space (on the right), for
swarms in eccentric orbits.

V. DIRECT OPTIMIZATION

Closed-form analysis provides clear geometrical intuition
to PS, which can be leveraged for swarm orbit design and
guidance. Nevertheless, it is limited by the assumptions
introduced, which can be over-constraining in scenarios
where PS has to be achieved without enforcing boundedness
or has not to be restricted to a 2-D sub-plane. The direct
optimization approach aims to include directly Eq. 13 within
an OCP, accounting for the full Ψ (as in Eq. 21 in Appendix)
and taking S as an input parameter to select the desired PS
class (e.g., 3-D, RN or RT). Specifically, in closed-loop [13],
the OCP the swarm must solve, possibly at every instant
te ∈ [t0, tf ] an updated state estimate is available, until a
specified target set Ck,f is reached at tf , is

Problem V.1.

minimize
ũk(t)

N∑
k=1

∫ tf

te

J (c̃k(t),Ck(t), ũk(t), t)dt

subject to ˙̃ck(t) = d̃c(t, c̃k(t)) +Bc(t)ũk(t) ∀t ∈ [te, tf ], k = 1, . . . N

Ċk(t) = D̃c(t, c̃k(t))Ck(t) +Ck(t)D̃
T

c (t, c̃k(t)) ∀t ∈ [te, tf ], k = 1, . . . N

+Bc(t)Uk(t)B
T
c (t) +Qk(t) +Ek(t)

S∗
kjil(c̃k(ti), c̃j(tl)) ≥ ϵkjil ∀ti ∈ (te, tf ], ∀tl ∈ (te, tf ],

k = 1, . . . N − 1, j = k + 1, . . . N

ũk(t) ∈ Uk ∀t ∈ [te, tf ], k = 1, . . . N

N (c̃k(tf ),Ck(tf )) ∈ Ck,f k = 1, . . . N

N (c̃k(te),Ck(te)) ≡ state estimate k = 1, . . . N

(20)

Where, J (.) ∈ R>0 is a generic cost functional modeling
control input and/or time minimization as well as other fac-
tors, and Uk is the set of admissible control inputs. Problem
V.1 enforces PS for at least T of at least ϵ at q-σ confidence
over (te, tf ]. The PS constraint requires the evaluation of
Eq. 7-8 as well as the quantification of the bound through
Eq. 10-12. The authors presented in [9] a solution approach
based on SCP. From an algorithmic perspective, the turning
point lies in the availability or not of an analytical expression
for S∗

kjil(c̃k(ti), c̃j(tl)) (or a lowerbound). If an analytical
expression is available, then S∗

kjil is sequentially linearized
within the SCP framework, being in general not convex. If
an analytical expression is not available, due to the fact that
Eq. 8 may be rather complicated to be solved in closed-form,
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then an algorithmic development is needed. In particular, at
each iteration of the SCP loop, t∗kjil is precomputed at the
current SCP reference using a simple search algorithm on
the discretized interval [max {ti, tl}, tf + T ]. This search
algorithm selects the instant/index that minimizes Skjil(t),
available in closed-form using OP (Eq. 6). Then, Skjil(t) is
evaluated at this instant/index within Problem V.1, permitting
to enforce PS through the reduced number of constraints
implied by Remark III.1. t∗kjil is sequentially updated within
the SCP pipeline to guarantee that, at convergence, the actual
minimum separation is greater then ϵkjil. In both cases, using
IC permits to enforce PS through the reduced number of
constraints, cut the computational expense, and increase the
chances of converging in useful time to a feasible solution
using off-the-shelf solvers [20], [21].

VI. NUMERICAL RESULTS

VISORS is a two 6U CubeSats distributed telescope
that will operate in a near-circular sun-synchronous LEO
to image coronal area of the sun with unprecedented res-
olution [14]. One spacecraft (OSC) contains the optical
payload, the other (DSC) contains the detector. During
nominal operations, DSC acts as passive chief, whose cen-
ter of mass sets the RTN frame’s origin, whereas OSC
actively controls the relative motion. The test case con-
sidered models the challenging ”transfer phase”, where a
passively safe control plan that moves the swarm from the
stand-by mode (initial condition) to the science mode (final
condition) has to be computed. Both modes are designed
in closed-form to achieve PS in RN plane through relative
eccentricity/inclination-separation [6]. Nevertheless, PS has
not only to be guaranteed at initial and terminal states, but
at every instant of the transfer too. Therefore, direct opti-
mization has to be leveraged to generalize over pure closed-
form analysis and compute the transfer. All the parameters
of the reconfiguration scenario are reported in Table I-II. It
is a two orbits transfer, in which the 2-norm of the control
input is minimized, and PS is guaranteed in RN plane for
at least two orbits (T ), of at least 3m (ϵ), at 3-σ confidence
(q). The uncertainty stems from differential GPS navigation
[22], cold-gas impulsive actuation [23] and process-noise
modeling the discrepancy between the full-force ground-truth
[14], [22] and the on-board dynamics model [24], [25], [26].

At each SCP iteration, an instance of Problem V.1 is solved
as a second order cone program (SOCP) [20]. The optimizer
looks for candidate maneuvers every 30deg, so the interval
[t0, tf ] is discretized in 25 samples. PS is enforced after each
maneuver application. This guarantees safety both on the
trajectory in between maneuvers and, in case of subsequent
maneuver failure, afterwards up to tf + T . The intervals
[ti, tf +T ], over which t∗kjil is precomputed, are discretized
at 1deg, so ≥ 721 samples depending on ti. The proposed
efficient S∗

kjil formulation permits to reduce the number of
constraints required to enforce PS from > 25×721 = 18025
to 25. By explicitly enforcing these constraints within the
SOCP, this implies in average a computational saving of a
factor > 100 (from ∼90s to ∼0.55s) on the solution of

an instance of Problem V.1 using a SOCP solver [21] on a
computer equipped with a 1.8GHz processor and 8GB RAM.
The computational overhead introduced by the precomputa-
tion of t∗kjil is minimal, since it is performed jointly with the
precomputations required to evaluate βkjil as well as other
matrices needed in the SOCP, for a total time ∼4s. Note
that, if all the thousands constraints are enforced explicitly
and t∗kjil is not computed, precomputations are still needed at
each SCP iteration but may be slightly lighter (few seconds
gain, depending on the implementation). On the other hand,
the computational gain obtained on the solution of the SOCP
by enforcing just 25 constraints is much greater.

Numerical results are presented in Fig. 6 and 7. Looking
at Fig. 6, the 3-D RTN trajectory of the OSC around the
DSC (at the origin) is presented on the left, whereas its 2-D
RN projection is presented on the right. Direct optimization
provides a passively safe reconfiguration between standby
and science modes. In particular, the controlled motion
(blue bold line) is always instantaneously tangent to a safe
uncontrolled trajectory (dashed lines), which is followed if
the OSC loses control at that instant. Spacecraft separation
along the uncontrolled trajectories is guaranteed to be ≥ 3m
for at least 2 orbits, accounting for 3-σ uncertainty (blue
shaded ellipsoids). This is achieved in closed-loop. At t0,
a first navigation solution is acquired and Problem V.1 is
solved for an open-loop control profile up to instant tf .
Then at each subsequent te, a new navigation solution is
acquired and Problem V.1 is solved again for an updated
control plan. The black dot-dashed ”closed-loop plan” line
is the trajectory planned on-board. The blue ”controlled
true” line is obtained by executing the control plan through
actuation and propagating the resulting motion through the
ground-truth dynamics. The difference between these two
lines lies in the difference between the on-board dynamics
model and the ground-truth, as well as in the errors intro-
duced by navigation and actuation. Similar can be said for
the dashed ”uncontrolled” trajectories. The blue ones are
obtained integrating the ground-truth dynamics after each
possible contingency. The black ones are predicted on-board
and have superimposed the 3-σ ellipsoids modeling the
uncertainty distributions used to compute the bounds βkjil.
The true uncontrolled trajectories are contained within the 3-
σ ellipsoids implying that the uncertainty distributions rightly
capture and compensate for the difference between on-board
belief and reality. Note how larger uncertainty manifests after
larger maneuvers application, due to the correlation between
maneuver magnitude and actuation uncertainty presented in
Table I. The total control cost of the transfer is 0.27m/s. The
cost of the unconstrained two-point-boundary-value-problem
is ∼0.253m/s. A difference of 10%, considering the included
constraints and uncertainties, represents a very fuel efficient
transfer, well within the ∼0.3m/s allocated in the mission
delta-V budget [14]. Finally, to compare with closed-form
analysis, Fig. 7 shows the evolution over the transfer of ac1
(left), the magnitude of the vectors ac34/ac56 (center), and
their angular separation (right). The magnitude of c34 and
c56 sizes the ellipses drawn by uncontrolled trajectories in

421



RN plane (see Fig. 3, right), whereas, c1 represents an off-set
in radial direction of these ellipses (see Eq. 21, in Appendix).
The trajectory computed using direct optimization achieves
PS in RN plane either by having these ellipses centered
around the origin with size ≥ ϵkjil, or, by decentering them
in radial direction through a sufficiently large |c1| if their
size is < ϵkjil (see Fig. 6, right). This analysis is validated
in Fig. 7. At the second maneuver, the reduction of the
c34 and c56 norms requires c1 ≈ −80m to achieve PS
in RN plane. Looking at the c34/c56-separation, when the
norm of c34 or c56 becomes < ϵkjil, ξkjil (Eq. 17) shrinks
so much that safe separation is not possible by centering
the RN ellipse around the origin. Therefore PS is achieved
by properly decentering the ellipse in radial direction. The
notable aspect is that such clear geometrical insight and deep
connection with closed-form analysis is obtained solving
Problem V.1 through direct optimization. This opens the way
to much greater generalization and applicability reach than
the specialized closed-form solutions.

VII. CONCLUSIONS
Fault tolerant strategies such as passive safety (PS) are

important in risk-adverse and failure-sensitive applications
as miniaturized spacecraft swarming, employing low size-
weight and power as well as commercial-of-the-shelf com-
ponents. Specifically, PS consists in providing guarantees
of safe separation robust to control losses, in presence of
system uncertainties. In this paper, a general mathematical
approach based on the use of the integration constants
(IC) of an integrable portion of the governing dynamics
as state variables is proposed to model PS efficiently. In
particular, IC permit to exploit variation of parameters to
reduce the number of constraints needed to enforce PS, and
to compensate for nonintegrable dynamics and uncertainties.
Based on this approach both closed-form analysis and direct
optimization are leveraged to improve over the state-of-the-
art in passively safe swarm control. In particular, direct
optimization can generalize upon closed-form analysis, but
on the other hand, it has to be informed by closed-form
analysis to enforce PS in a tractable and efficient way for
on-board execution.

APPENDIX
The fundamental matrix solution of the linear(ized) inte-

grable part of Eq. 2 is

Ψ(t) = a



1
ρ − 3

2
e
η3 sin(ν)nt 0 − cos(λν) − sin(λν) 0 0

− 3
2

ρ
η3nt

1
ρ ( 1ρ + 1) sin(λν) −( 1ρ + 1) cos(λν) 0 0

0 0 0 0 1
ρ sin(λν) − 1

ρ cos(λν)
− 1

ρ2
ρ̇− 3

2
e
η3 cos(ν)ν̇nt

− 3
2

e
η3 sin(ν)n

0 sin(λν)ν̇ − cos(λν)ν̇ 0 0

− 3
2

ρ̇
η3nt− 3

2
ρ
η3n − 1

ρ2 ρ̇
− 1

ρ2
ρ̇ sin(λν)

+( 1
ρ+1) cos(λν)ν̇

1
ρ2

ρ̇ cos(λν)

+( 1
ρ+1) sin(λν)ν̇

0 0

0 0 0 0
− 1

ρ2
ρ̇ sin(λν)

+ 1
ρ cos(λν)ν̇

1
ρ2

ρ̇ cos(λν)

+ 1
ρ sin(λν)ν̇


(21)

where ν = ν(t), λν = ω + ν(t), ρ = 1 + e cos(ν(t)), ρ̇ =
−e sin(ν)ν̇, η =

√
1− e2, n =

√
µ/a3, and µ is the main

gravitation parameter. The IC used in this paper are linked
to the quasi-nonsingular ROE through the first order map

ck ≈ MHCW (œ)


1 0 0 0 0 0

3
2nt 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1




(ak − a)/a

(ωk +Mk(t)− ω −M(t)) + (Ωk − Ω) cos(i)
ek cos(ωk)− e cos(ω)
ek sin(ωk)− e sin(ω)

ik − i
(Ωk − Ω) sin(i)

 (22)

where

MHCW (œ) =



η2 0 0 0 0 0

0 1
η −

(
η2 − 1

η

)
sin(ω)

e

(
η2 − 1

η

)
cos(ω)

e 0
(
η2 − 1

η

)
cot(i)

0 e sin(ω)
η cos2(ω) + sin2(ω)

η cos(ω) sin(ω)− cos(ω) sin(ω)
η 0 − e sin(ω) cot(i)

η

0 − e cos(ω)
η cos(ω) sin(ω)− cos(ω) sin(ω)

η sin(ω)2 + cos(ω)2

η 0 e cos(ω) cot(i)
η

0 0 0 0 η2 0
0 0 0 0 0 η2


(23)

and, in the ROE, M(t) is the mean anomaly at instant t. The
center matrix in Eq. 22 back-propagates the ROE to initial
integration instant (t = 0) through the integrable dynamics.
For e → 0, MHCW becomes identity (the singularities
cancel out), and the IC used in this paper reduce to the quasi-
nonsingular ROE and to the HCW’s IC [19].
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TABLE I
VISORS MISSION’S SWARM RECONFIGURATION SCENARIO [14].

Reference orbit Relative orbit modes Transfer & safety Navigation [22] Actuation [23]
type chief type Stand-by (t0) Science (tf ) tf − t0 (orbits) 2 type GPS type impulsive

a (km) RE + 500 ac1 (m) 10 0 PS type RN Unc. (1− σ, per axis) Min. imp. bit (Ns) 1e-3
e (-) 0.001 ac2 (m) -100 10 T (orbits) 2 Abs. position (m) 1 Min. imp. incr. (Ns) 6e-5
i (deg) 98 ac3 (m) 0 25 ϵ (m) 3 Abs. velocity (cm/s) 1 Unc. (1− σ)
Ω (deg) 252 ac4 (m) 200 0 q (σ) 3 Rel. position (cm) 1 Maneuver magn. (%) 5
ω (deg) 0 ac5 (m) 0 15 J (m/s)

∑
ki ||ũk(ti)||2 Rel. velocity (µm/s) 25 Maneuver dir. (arcmin) 1

λν(t0) (deg) -90 ac6 (m) 200 0
period (h) 1.58

Epoch 1-1-2024

TABLE II
SPACECRAFT FEATURES AND DYNAMICS MODELS.

Spacecraft features Dynamics models
Mass (kg) 12 type Ground-truth [14], [22] On-board [24], [25], [26]

Cross-section area (m2) nom: 0.285 Geopotential GGM01S (60× 60) J2 secular & long-period
avg: 0.206 Atmospheric drag NRLMSISE00 Secular & long-period model-free

Cd (-) 2.3 Solar radiation pressure Cannonball model, no eclipses Secular & long-period proportional to
differential ballistic coefficients

Cr (-) 1.88 Third-body gravity Analytical lunisolar ephemerides Lunisolar secular & long-period
Integrator RK4 Euler
Step size Fixed: 30s Fixed: period/12

Process-noise on IC (m/orbit) None 3

Fig. 6. Passively safe transfer trajectory in Cartesian RTN frame (3-D, left, and RN, right).
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