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MULTIPLICATIVE APPROACH TO CONSTRAINED STOCHASTIC
ATTITUDE CONTROL WITH APPLICATION TO RENDEZVOUS

AND PROXIMITY OPERATIONS

Yuji Takubo * and Simone D’Amico †

This paper proposes a novel stochastic control algorithm for spacecraft attitude
guidance and control that steers the mean and the covariance in SO(3) to target
values subject to state and control constraints. Inspired by the multiplicative ex-
tended Kalman filter, the mean state resides in the nonsingular quaternion space,
while the covariance dynamics is propagated in the error modified Rodrigues pa-
rameters space that represents a deviation from the mean. This multiplicative ap-
proach enables the concurrent optimization of mean quaternion and error covari-
ance without singularity, making the algorithm highly generalizable for onboard
implementations. The proposed dynamical description is integrated into an itera-
tive covariance steering (iCS) to solve a chance-constrained stochastic nonlinear
optimal control problem in the second-order statistical moment space of the rota-
tional motion via successive convexification. A case study in the final approach of
a rendezvous and proximity operations mission demonstrates the effectiveness of
optimizing the covariance control gain concurrently with the mean trajectory.

INTRODUCTION

A safe, autonomous, and fuel-efficient decision-making system of spacecraft is a key enabling
technology for future distributed space systems. Despite the presence of dynamic and measure-
ment uncertainties, some missions require extremely precise control of roto-translational motion to
achieve their objectives while satisfying operational constraints, such as observations from space
telescopes, pointing in optical communication satellites, or docking of two spacecraft. The re-
quirements posed on the control precision for such missions might be difficult to achieve through
closed-form control laws. Pursuing a higher control accuracy, methods to embed stochasticity into
a guidance problem to keep the nominal trajectory away from constraint violation with probabilis-
tic margin have been considered. This motivates a concurrent consideration of the disturbance or
state covariance (i.e., higher-order statistical moments) with the nominal state in trajectory opti-
mization. Furthermore, a generic attitude guidance and control algorithm must avoid singularity in
state representation to be able to handle various scenarios of spacecraft operations.

Representations of statistical properties (e.g., mean and covariance) in SO(3) are nontrivial, which
has been widely discussed in the state estimation community. Although a (unit) quaternion has the
lowest dimensionality for a globally nonsingular representation of attitude, it resides in a four-
dimensional unit sphere, which enforces a complicated constraint to construct a quaternion covari-
ance matrix. In this context, the multiplicative extended Kalman filter (MEKF)1 or multiplicative
unscented Kalman filter (MUKF)2 have been introduced to solve the attitude estimation problem in

*Ph.D. Student, Department of Aeronautics and Astronautics, Stanford University, 94305.
†Associate Professor, Department of Aeronautics and Astronautics, Stanford University, 94305. AAS Fellow.

1



SO(3). The nominal attitude is parameterized using a unit quaternion, while the error is expressed in
a three-dimensional space. This error is then transformed into an error quaternion and applied to the
nominal quaternion through multiplication. By maintaining nominal information in the nonsingular
state space while expressing a (small) error in an unbounded state space without redundancy, the
multiplicative approach has proven to be a pragmatic tool for the attitude estimation algorithm.3, 4

This is particularly advantageous for spacecraft application, where a nonsingular quaternion repre-
sentation is necessary due to dynamic change in attitude in contrast to other vehicles like aircraft,
which maintain a reference attitude with minimal deviation during level flight.

Traditionally, spacecraft attitude control with a large tracking error is performed based on a sta-
ble linear feedback controller or closed-form tracking toward the final attitude profile,5 although
such a control law does not include a specific control horizon. A slew maneuver can be designed
in a phase space of Euler angle, where a minimum-time control law is derived using Pontryagin’s
maximum principle.6 One way to consider complicated constraints in the guidance of spacecraft
attitude is to formulate a constrained nonlinear optimal control problem (OCP) in the quaternion
space and solve it via sequential convex programming (SCP),7–9 which iteratively solves a convex
optimization problem. Since a convex optimization has a robust solver and guaranteed global opti-
mality,10 extensive efforts are made to convexify the constraints. Particularly, a field-of-view (FOV)
constraint (i.e., exclusion of a particular object, such as the sun, outside of a sensor’s FOV) could
be formulated as a quadratic constraint of quaternion, which can be losslessly convexified.11, 12

The convexification of the same constraint in the roto-translational space is performed in the dual-
quaternion space.13 More recently, enhancements in optimization algorithms and computational
capability have shifted the paradigm to embed disturbances and stochasticity into an OCP to make a
more robust integrated guidance and control pipeline. One such method is model predictive control
(MPC), where a short-horizon (deterministic) OCP is solved in a receding horizon manner, enabling
the closure of loop as a spacecraft receives a new state estimates.14–16 Another approach is robust
or stochastic optimal control, where a probabilistic model of uncertainty is incorporated into an
OCP and then rewritten into a tractable optimization problem. Particularly for stochastic optimal
control, an open-loop control and feedback control policy are concurrently designed. This has been
adopted in the stabilization of the attitude to the reference attitude in the angular velocity space.17, 18

Stochastic MPC combines the two approaches, which reformulates a stochastic OCP into a problem
that is tractable onboard, which is then executed in a receding horizon manner.19

In recent years, optimal covariance steering (CS) theory20 has shown its advantage of explicitly
controlling a covariance matrix as a part of state variables in a linear dynamical system with a
Gaussian process noise. An optimal time-varying feedback gain that steers the covariance matrix
is optimized concurrently with the mean, where extensions to MPC are discussed with guaranteed
recursive feasibility and control stability.21, 22 Furthermore, iterative covariance steering (iCS) is
developed to solve nonlinear CS problems via successive convexification,23, 24 which effectively
succeeds the numerical techniques developed in SCP to facilitate the convergence of the solution
to local minima.25 A previous study optimized a roto-translational rendezvous trajectory using
iCS.26 However, a primary limitation is the use of modified Rodrigues parameters (MRP) for attitude
representation. MRP, being a triplet in R3, allow for a straightforward expression of the covariance
matrix but contains singularities at multiples of 2� radians. Consequently, MRP is not ideal for
spacecraft attitude representation, particularly for onboard applications. There exists a way to avoid
a singularity in the MRP space by having two distinct sets (known as shadow MRP27) and switching
one to another.28 However, a challenge arises when integrating the switching in the formulation of a
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stochastic OCP, due to the lack of clear guidelines on when the MRP should transition to its shadow
state.

This paper proposes a novel nonsingular stochastic attitude optimal control algorithm that mir-
rors the multiplicative approach in the MEKF. Four main contributions are presented in this work.
First, a formalism of the dynamics of the first and the second-order statistical moment in SO(3)
is introduced, where these two moments reside in different state spaces to represent a compact and
nonsingular state distribution in SO(3). This leads to an introduction of a novel control law that
is suitable for the covariance control, where the feedback control is based on the error MRP that
is applied to the quaternion space. Second, we develop chance constraints in SO(3) by merging
the mean state in the quaternion space and the covariance information in the error MRP space. In
particular, the FOV constraint in the quaternion space is revisited, and its chance-constraint formu-
lation is newly provided by using the sufficient condition for the chance constraint of a l2-norm
constraint. Third, the above two contributions are integrated into the iCS to solve a stochastic op-
timal control problem in SO(3). The constrained nonlinear optimal control problem is solved by
iteratively solving the convexified optimization problem around the reference value, which marches
to the local minima. Finally, we present the application of the proposed method in the rendezvous,
proximity operation, and docking (RPOD) mission, and the optimized control law is analyzed via a
Monte Carlo simulation.

The remainder of the paper is organized as follows. First, the dynamical system of the rotational
motion is discussed in both quaternion and MRP space with the respective linearization and time dis-
cretization. Then, the development of the iCS is discussed, from the convexification of constraints
to the algorithmic integration. Emphasis is given to the usage of different state parameterization in
the first and second-order moment dynamics. The developed algorithm is examined in a case study
of the final approach phase of the RPOD mission. The results and analyses are discussed, followed
by the conclusion and future research.

DYNAMICS MODEL

Nonlinear Dynamics

Quaternion is a nonsingular parameterization of SO(3), which is expressed as a four-element unit
vector q = [q0; q

>
v ]> = [q0; q1; q2; q3]>. In this paper, qD=C denotes the attitude of the deputy’s

principal axes frame D to the chief’s principal axes frame C. The kinematics of the quaternion is
expressed as follows:

_qD=C =
1

2
qD=C �

�
0

!DD=C

�
; (1)

where !DD=C = [!1; !2; !3]> denotes the angular velocity of the deputy with respect to the chief
expressed in the deputy’s principle axes D, and � denotes a quaternion multiplication operator. The
dynamics of the deputy’s rotational motion is expressed as follows:

_!DD=C = J�1
�
T � !DD=C �

�
J!DD=C

��
; (2)

where J is the inertia tensor and T is the toque applied to the deputy, both of which are prescribed
in the deputy’s principal axes frame.

3



MRP are a three-dimensional parameterization of SO(3). The MRP have no redundancy in its
parameterization and resides in an unbounded space (unlike a unit quaternion which has a unitary
constraint kqk = 1), making the expression of the covariance matrix simpler.4, 26 The relation
between the MRP vector p = [p1; p2; p3] and the quaternion is expressed as follows:2

p =
4

1 + q0
[q1; q2; q3]>: (3)

The scaling factor 4 ensures that a small perturbation in kpk = p is approximately equal to the
Euler angle.2, 3 Note that the MRP contain a singularity at multiples of 2� radians (q0 = �1). The
quaternion is also recovered from the MRP as follows:

q =

"
q0

1 + q0

4
p

#
; q0 =

16� p2

16 + p2
(4)

Given a nominal quaternion, an attitude deviation from the nominal state can be expressed as an
error quaternion and its multiplication as q0 = �q(�p)�qref. For small rotations, the error quaternion
�q can be parameterized by other state representations without singularity. In this paper, the error
quaternion is parameterized with the error MRP �q(�p) using Eq. 3, while other parameterizations
(such as Euler angles or direction cosine matrices) can be used similarly.

The kinematics of the error MRP vector is expressed as follows:3

� _p = �1

2
[!DD=C ]��p+ !DD=C +

1

8
(!DD=C

>
�p)�p� 1

16
�p2!DD=C ; (5)

where [�]� denotes the skew-symmetric matrix (cross product) operator. It is worthwhile to mention
that the state transition matrix (STM) of the MEKF in the error MRP space usually assumes small
angular velocities and frequent resets of the error, resulting in the omission of the last two terms of
Eq. 5.3 However, these higher-order terms remain in this paper as the propagation time step is not
necessarily small enough to make these terms negligible.

Linearized Dynamics

First, a control-affine dynamics system can be written as follows:

_x(t) = f(x(t); t) + �(t)u(t); (6)

where f represents the time-variant nonlinear system dynamics, and � is the control input matrix.
Linearization around a reference trajectory xref(t) yields:

_x(t) = �(t)x(t) + �(t)u(t) + �(t) (7)

�(t) :=
@f

@x

����
x=xref(t)

; �(t) := f(xref(t); t)��(t)xref(t) (8)

In this paper, an impulsive control of angular velocity uk := �!DD=C;k is considered. Then, the
above continuous-time differential equation can be discretized as:

xk+1 = Akxk +Bkuk + ck; k = 0; :::; N; (9)
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where each matrix in a time horizon of[tk ; tk+1 ] is computed as follows:

Ak = �( tk+1 ; tk ); Bk = �( tk+1 ; tk )� (tk ); ck =
Z tk +1

tk

�( �; t k )� (� )d� (10)

The STM�( t; t 0) is the solution of the following ordinary differential equation:

_�( t; t 0) = � (t)�( t; t 0); �( t0; t0) = I (11)

In the quaternion space, the continuous-time linearized rotational dynamics of the deputy with
respect to the chief's principal axes frame is computed by simply taking the Jacobian of Eq. 1,11

which yields:
"

_qD=C

_! D
D=C

#

:= � q

"
qD=C
! D

D=C

#

=
�

� qq � q!

03� 4 � !!

� "
qD=C
! D

D=C

#

; (12a)

� qq =
1
2

2

6
6
4

0 � ! 1 � ! 2 � ! 3

! 1 0 ! 3 ! 2

! 2 � ! 3 0 ! 1

! 3 ! 2 � ! 1 0

3

7
7
5 ; � q! =

1
2

2

6
6
4

� q1 � q2 � q3

q0 � q3 q2

q3 q0 � q1

� q2 q1 q0

3

7
7
5 ; (12b)

� !! = � J � 1([! D
D=C ]� J � [J ! D

D=C ]� ) (12c)

Similarly, the continuous-time linearized rotational dynamics in the error MRP space is computed
via Eq. 5 as follows:

"
� _p
_! D

D=C

#

:= � p

�
� p

! D
D=C

�
=

�
� pp � p!

03� 3 � !!

� �
� p

! D
D=C

�
; (13a)

� pp =
1
2

�
� [! D

D=C ]� +
1
4

(� p! D
D=C

>
� ! � p> ) +

1
4

(! D
D=C

>
� p)I3

�
(13b)

� p! =
1
2

[� p]� +
1
8

� p� p> +
�

1 �
1
16

�p 2
�

I3: (13c)

The STM in the quaternion space and MRP space, denoted asAq;k := � q(tk+1 ; tk ) andAp;k :=
� p(tk+1 ; tk ), can be computed from the matrices� q and� p, where the exact solution of Eq. 11 is
computed via a matrix exponential. However, an approximated value can be calculated by taking the
Taylor series as�( t; t 0) = e(t � t0 )� '

P M
k=0

1
k! (( t � t0)� )k , whereM 2 N is the approximation

order. In this paper, the approximation withM = 5 is used to compute the STM to balance the trade
between accuracy and computational effort. Furthermore, because the impulsive angular velocity
is assumed as the control input, the time-invariant control input matrix in the quaternion dynamics
and the MRP dynamics is de�ned as� q(tk ) = [ 03� 4; I3] and� p(tk ) = [ 03� 3; I3], respectively. In
the following paper, for conciseness of the notation, we denoteq = qD=C and! = ! D

D=C , unless
speci�ed.

METHODOLOGY

This paper discusses a nonsingular stochastic optimal control problem of a rotational motion
based on iCS. The spacecraft attitude is desired to be controlled from an initial distribution to the
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terminal distribution under stochastic dynamics while satisfying path constraints with suf�ciently
high probability. In this paper, the rotational and translational dynamics are fully decoupled, where
perfect knowledge of the translational motion of both chief and deputy is assumed. This allows for
covariance control of the deputy's attitude with respect to the chief solely based on the attitude infor-
mation. Furthermore, the chief's attitude is assumed to be stabilized in its orbit, where its principal
axes are aligned to its radial/tangential/normal (RTN) frame. The deputy makes the �nal approach
of an RPOD, where it maintains its pointing to the docking port of the chief as it approaches the
chief along the pre-computed translational motion.

This section discusses the development of the iCS algorithm for spacecraft attitude control. First,
a general (linearized) covariance steering problem with an af�ne feedback control controller design
is introduced. Then, a description of the statistical moment dynamics inSO(3)is discussed to avoid
a singularity while maintaining a linearity of the covariance propagation. The following sections
involve the convexi�cation of path constraints (control magnitude constraint and FOV constraint)
and algorithmic development of the iCS to facilitate convergence along its iterative optimization.

Covariance Steering: Preliminaries

Covariance steering (CS) is a stochastic optimal control that treats the �rst two statistical mo-
ments as state variables. This subsection introduces a general formulation of the CS with boundary
conditions and generalized path constraints.

First, consider the following discrete-time linear dynamical system with Gaussian noise:

x k+1 = Akx k + Bku k + ck + Dkw k ; k = 0 ; 1; :::; N � 1; (14)

wherex 2 Rnx is a state variable andu 2 Rnu is a control variable. The termDkw k represents
a general process noise, which could be a sum of unmodeled acceleration,29 maneuver execution
error, and measurement bias, where each element ofw 2 Rnw is a unit white noiseN (0; 1). The
matricesAk ; Bk , andck are computed by Eq. 10. If the initial statex 0 and the control history
u k8k are Gaussian, then the linearized dynamics given by Eq. 14 ensures that the state trajectory is
always Gaussian, although this is not guaranteed in a nonlinear dynamical system.

With the linearized dynamics, a discrete-time stochastic OCP with a �xed time and a quadratic
cost function is presented as follows:

min
x k ;u k

J (x 0; : : : ; x N ; u 0; : : : ; u N � 1) (15a)

s.t. x k+1 = Akx k + Bku k + ck + Dkw k ; k = 0 ; 1; :::; N � 1 (15b)

x 0 � N (� i ; � i ); x N � N (� f ; � f ) (15c)

Pr(x k 2 X k ) � 1 � � x;k ; k = 0 ; :::; N (15d)

Pr(u k 2 Uk ) � 1 � � u;k ; k = 0 ; :::; N � 1: (15e)

The total time step is denoted asN , andJ is the objective function. The initial and terminal states
are de�ned as a Gaussian distribution as shown in Eq. 15c. The domainsXk andUk represent
(time-varying) admissible sets of state and control set at the time stepk.

Since the process noise is unbounded, it is impossible to guarantee the satisfaction of the con-
straint. Instead, a chance constraint formulation is introduced for these path constraints so that the
satisfaction of the constraints is realized with a probability greater than or equal to1� � , where the
parameter� � 1 de�nes a risk tolerance of each chance constraint.
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To concurrently steer the mean and covariance, the following feedback control law is considered:

u k = vk + K k (x k � � k ); (16)

wherevk serves as the feed-forward (i.e., open-loop) control, and� k := E[x k ] denotes the mean
state at time stepk, whereE[�] is the mean operator. A linear feedback (i.e. closed-loop) control
based on the deviation from the mean state is added to the feed-forward control, whereK k is the
control gain matrix. Note that although navigation error is not explicitly considered in this paper,
previous studies discussed the formulation of the output-feedback controller24,30,31as well. With
this control law, the dynamics of the �rst two statistical moments is expressed as follows:

� k+1 = Ak � k + Bkvk + ck (17a)

� k+1 = ( Ak + BkK k )� k (Ak + BkK k )> + Qk ; (17b)

where� k := Cov[x k ] is a covaraince ofx k , andQk := DkD >
k is a covariance matrix of the process

noise. Note that� k is always positive semide�nite.

The evolution of covariance given by Eq. 17b is nonconvex, as bothK p;k and� p;k are optimiza-
tion variables. Therefore, a new variable is introduced as:32

Yk := K k � k ; (18)

which yields the following reformulation of Eq. 17b:

� k+1 = Ak � kA>
k + AkY >

k B >
k + BkYkA>

k + BkYk � � 1
k Y >

k B >
k + Qk : (19)

The change of variable in Eq. 18 is introduced to avoid the treatment of a nonconvex multiplica-
tive termK k � k . By optimizing� k andYk , the feedback control gain is retrieved asK k = Yk � � 1

k .
The covariance dynamics given by Eq. 19 is still nonconvex due to the termYk � kY � 1

k . Therefore,
the following relaxation is made:

� k+1 � Ak � kA>
k + AkY >

k B >
k + BkYkA>

k + BkYk � � 1
k Y >

k B >
k + Qk : (20)

Then, taking the Schur complement of Eq. 20 yields the following (convex) Linear Matrix Inequal-
ity (LMI):

�
� k Y >

k B >
k

BkYk � k

�
� 0; (21a)

where � k := � k+1 � (Ak � kA>
k + AkY >

k B >
k + BkYkA>

k + Qk ): (21b)

Note that this relaxation is enabled by the speci�c choice of the controller design given by Eq.
16. Earlier studies of CS utilized another control law such that covariance dynamics is reformulated
without any relaxation except for terminal covariance.20 However, this formulation leads to a large
block diagonal matrix of the control gain matrices as an optimization variable, which suffers from
the curse of dimensionality as the time horizon becomes large, which is not suitable for the onboard
implementation.

With the relaxation of the covariance dynamics, the unconstrained CS problem

min
� k ;� k ;v k ;Yk

J (� 0; : : : ; � N ; � 0; : : : ; � N ; Y0; : : : ; YN � 1) (22a)

subject to (17a); (21a); k = 0 ; 1; :::; N � 1 (22b)

� 0 = � i ; � N = � f ; � 0 = � i ; � N � � f : (22c)
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is convex if the objectiveJ is a convex function of the optimization variables. Therefore, if the
chance-constrained state and control constraints given by Eqs. 15d and 15e are expressed as convex
constraints, the optimal CS problem in the linear dynamical system can be optimized by solving a
(convex) semide�nite programming (SDP).

As the attitude dynamics is nonlinear and the state and control constraints are nonconvex, the
following subsections discuss the convexi�cation of these constraints with the reference values.
Then, the algorithm development of the iCS is elaborated, where the convexi�ed CS problem is
iteratively solved to march toward the local optima of the original nonconvex CS problem.

Reformulation of the Second-order Moment Dynamics

The direct application of the moment dynamics given by Eq. 17 to the quaternion space is dif�cult
as it is contained in the four-dimensional unit sphere. While the unitary constraint of the quaternion
can be suf�ciently satis�ed by successive linearization,7 the covariance of the quaternion requires
a convoluted de�nition.33 To overcome this limitation, the utilization of two different state spaces
is proposed to express the �rst and second-order moment dynamics inSO(3). Namely, the mean
state is propagated in the quaternion space[q> ; ! > ]> , while the error covariance is propagated in
the error MRP space[� p> ; ! > ]> :

� q;k+1 = Aq;k� q;k + Bq;kvk + cq;k (23a)

� p;k+1 = ( Ap;k + Bp;kK p;k )� p;k (Ap;k + Bp;kK p;k )> + Qp;k (23b)

� q;k := E
�

qk
! k

�
; � p;k := Cov

�
� pk
! k

�
: (23c)

The subscripts “q” and “p” applied to each matrix and vector denote the discrete-time linearized dy-
namics in the quaternion state space and error MRP state space, respectively. This selection of state
representation is advantageous because it allows the straightforward representation of covariance.
Furthermore, using quaternion space for the mean state enables not only the nonsingular state but
also simpler constraint formulation, as discussed in the following subsections.

Naturally, this leads to the feedback control law based on the error MRP and error angular velocity
as follows:

u k = � ! D
D=C;k = vk + K k

�
� pk
� ! k

�
; � ! k := ! k � E[! k ] (24)

Since the attitude error is not additive, the direct application of the control law in Eq. 16 is dif�cult.
Instead, the proposed control law involves an attitude error representation in the error MRP space.
As expressed in Eqs. 23a and 23b, the feed-forward controlvk steers the mean in the quaternion
space, while the state feedback term is applied to regulate the covariance in the error MRP space.
Note that this control law is similar to the Lie-algebraic feedback control law that is yielded as
a byproduct of the Differential Dynamic Programming on the Lie Groups,34 although the direct
control of the covariance is achieved in this paper by optimizing the feedback gainK k .

When the original dynamics is nonlinear, the linearized dynamics (cf. Eq. 23a) can cause an
infeasibility in state dynamics despite the feasibility in the original nonlinear problem because
higher-order terms are neglected. This phenomenon is known as arti�cial infeasibility.25 To en-
sure the feasibility of the convexi�ed problem in each iteration, an additional slack variable, virtual
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controll k , is introduced:25

� q;k+1 = Aq;k� q;k + Bq;kvk + cq;k + l k : (25)

The unconstrained virtual controll k ensures that any state in the feasible domain is always reach-
able. However, its usage is severely penalized as a penalty term of the objective function, scaled by
the weightwvc:

J vc = wvc

N � 1X

k=0

kl kk: (26)

Control Magnitude Constraint

The maximum magnitude of the control input is probabilistically constrained as follows:

Pr(ku kk � umax ) = Pr
� 







 vk + K k

�
� pk
� ! k

� 






 � umax

�
� 1 � � u;k ; k = 0 ; : : : ; N � 1; (27)

whereumax is the maximum control magnitude. To alleviate nonconvexity in this chance constraint,
the following theorem is introduced to reformulate it into a deterministic constraint.35

Theorem 1. 35 Letu = N (� ; �) 2 Rn ; � > 0; � 2 (0; 1); andn� (�; n ) =
q

Q� 2 (n) (1 � � ), where

Q� 2 (n) (1 � � ) is a quantile function of a chi-squared distribution for an-dimensional variable.
Then,

k� k + n� (�; n )
p

� max (�) � � ) Pr(kuk � � ) � 1 � �; (28)

where� max (�) denotes the absolute value of the largest eigenvalue (spectral radius) of� .

The mean and covariance of the control are expressed asu k = N (vk ; K k � p;kK >
k ) because the

covariance matrix depends only on the feedback term but not the feed-forward controlvk . With
Theorem 1, Eq. 27 can be therefore replaced as follows:

kvkk + n� (� k ; 3)
q

� max (K k � p;kK >
k ) � umax : (29)

Since Eq. 29 is still nonconvex due to the term
q

� max (K k � p;kK >
k ), the following set of constraints

is introduced for relaxation:

kvkk + n� (� k ; 3)� k � � (30a)
�
� k I3 Yk

Y >
k � p;k

�
� 0 , K k � p;kK >

k � � k I3 (30b)

where � k := � 2
ref;k + 2 � ref;k (� k � � ref;k ) + � u;k : (30c)

First, instead of directly evaluating� max (K k � p;kK >
k ), a slack variable� k that satis�es� k �

� max (K k � p;kK >
k ) is introduced. This is equivalent to the second inequality of Eq. 30b, where

the LMI on the left-hand side is derived by taking the Schur complement of it using Eq. 18. Then,
the original chance constraint Eq. 29 is rewritten as Eq. 30a with a new variable� k :=

p
� k . Given

that � k = � 2
k is a (nonconvex) quadratic equality, the �rst-order Taylor series approximation at the

9



reference value� ref;k introduces a linearity in Eq. 30c. Similarly to the virtual control in the lin-
earized dynamics, a slack variable� u;k is introduced in Eq. 30c to ensure the feasibility in Eqs. 30a
and 30b, its usage is severely penalized in the objective function scaled by the weightwu as follows:

J � u = wu

N � 1X

k=0

k� u;k k: (31)

Field-of-view Contstriant

Besides the control magnitude constraint, it is required that a docking port of the chief spacecraft
be always contained in the FOV of the deputy, which is a cone around a certain direction (e.g.,
optical camera) attached to the deputy's body frame. One way to express the FOV constraint is
based on an inner product of two unit vectors as follows:11,15

bc � n y � cos�; (32)

wherebc indicates the pointing direction vector of the camera (sensor) that is attached to the deputy's
body, andn y is the unit vector in the direction from the camera to the target on the chief. The FOV
of the camera is parameterized by the cone angle� (< �= 2). Figure 1 illustrates the geometric
relationship of the FOV constraint. In this paper, the target (docking port) is assumed to be �xed at
the origin of the chief's principal axes, which makesn y depend solely on the relative position, and
bc is a function of only the attitude.

Figure 1: Geometry of the �eld-of-view constraint. Coordinate frameC and D represent the
principal axes of chief and deputy, respectively.

Then, Eq. (32) can be rewritten in the following quadratic inequality of the quaternion:11

q> H q � 0; H =

"
n C

y
> bD

c � cos� bD
c � n C

y

(bD
c � n C

y )> n C
y bD

c
>

+ bD
c n C

y
> � (n C

y
> bD

c + cos � )

#

; (33)

wheren C
y is expressed in the chief's principal axes frame, andbD

c is expressed in the deputy's
principal axes frame, which naturally coincides with the coordinate frames that the relative position
and the camera vector are de�ned. While this constraint is nonconvex (becauseH is not positive
semide�nite in general), with the unitary constraint of the quaternion (kqk = 1 ), the following
convex relaxation can be made in a lossless manner:11







p

~H q





 �

p
�; ~H = � H + � I4 � 0; � = � max (H ); (34)
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where� max (H ) denotes the maximum absolute value of eigenvalue (i.e., spectral radius) ofH , andp
~H is the matrix square root of~H . Note that the same constraint can be attained in the MRP space,9

while the expression becomes more complicated. The lossless convexi�cation to the second-order
cone constraint of the quaternion offers better explainability in constraint handling.

As the deterministic form of the FOV constraint can be formulated as a second-order cone con-
straint, the chance-constrained FOV constraint at time stepk can be expressed as follows:

Pr
� 









q
~Hkqk








 �

p
� k

�
� 1 � � k : (35)

Note that the mean and covariance of
p

~Hkqk are computed asE[
p

~Hkqk ] =
p

~HkE[qk ] and

Cov[
p

~Hkqk ] =
p

~HkCov[q]
p

~Hk
>

due to the determinism in the translational motion of the
spacecraft. Since the small error is assumed (i.e.,k� pk = �p � 1), Eq. 3 yields:

� q(� p) '
�

1
1
2 � p

�
) Cov[q] = Cov[� q(� p)] '

�
0 01� 3

03� 1
1
4Cov[� p]

�
: (36)

Therefore, using the same procedure of replacing Eq. 29 with Eq. 30, Eq. 35 is replaced with the
following set of constraints:










q
~HkE(qk )








 + n� (� k ; 3)� k �

p
� k (37a)

� max

 q
~HkCov[qk ]

q
~Hk

>
!

� � k (37b)

where� k := � 2
ref;k + 2 � ref;k (� k � � ref;k ) + � fov;k : (37c)

Similar to the control magnitude constraint, the surrogate variable� k = � 2
k , which represents the

upper bound of the spectral radius� max (
p

~HkCov[qk ]
p

~Hk
>

), is linearized at the reference value
� ref;k . As discussed in Eq. 30c, the slack variable� fov;k in Eq, 37c guarantees the feasibility of Eqs.
37a and 37b, although its usage is highly penalized with the penalty coef�cientwfov :

J � fov = wfov

NX

k=0

k� fov;k k: (38)

Trust Region Constraint

Finally, a trust region constraint is introduced to ensure an optimized trajectory remains close to
the reference trajectory, maintaining the �delity of the linearized dynamics and path constraints.25

In this paper, a “hard” constraint is considered, where thel2-norm of the deviation from the original
reference state is explicitly bounded within the trust region radiusr :

k� q;k � � q;ref;kk < r; k = 0 ; :::; N: (39)

In addition to the trust region in the mean state, it is critical to avoid the covariance from being
overly expanded to reach better optimality because it loses the �delity of the linearized dynamics as
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the error[� p> ; � ! > ]> grows. Therefore, the following constraint on the covariance size is added to
the optimization problem with a user-de�ned parameter� (� 1):

� � p;0 � � p;k � 0; k = 0 ; :::; N: (40)

This constraint sets the upper bound of the eigenvalues of the covariance at each time step� p;k ,
which prevents the aggressive expansion of the state covariance.

Objective Function

In this paper, the minimization of thep-quantile of the total control input magnitude is consid-
ered. Particularly, the 99 percentile of the total� ! under uncertainty (equivalent to� V99 in the
translational space) is optimized in this paper. As discussed in Eq. 29, thep-percentile of the con-

trol magnitudeku kk is approximated tokvkk + n� (1 � p;3)
q

� max (K k � p;kK >
k ). Because the

term
q

� max (K k � p;kK >
k ) is not convex, the upper bound of the objective function is given by an

expression similar to Eq. 30a with a slack variable� k :

J u =
NX

k=0

(kvkk + n� (0:01; 3)� k ) (41)

Iterative Covariance Steering

Based on the above discussion, the following SDP is solved by a convex optimization solver at
each iteration of the iCS algorithm:

min
� q;k ;� p;k ;v k ;Yk ;l k
� k ;� u;k ;� k ;� fov;k

J u + J vc + J � u + J � fov (42a)

subject to (25); (21a); (21b); k = 0 ; 1; :::; N � 1 (dynamics) (42b)

(30a); (30b); (30c); k = 0 ; 1; :::; N � 1 (control magnitude) (42c)

(37a); (37b); (37c); k = 0 ; 1; :::; N (FOV) (42d)

(39); (40) k = 0 ; 1; :::; N (trust region) (42e)

� q;0 = � q;i ; � q;N = � q;f ; � p;0 = � p;i ; � p;N � � p;f : (42f)

The boundary conditions of the mean and covariance states are de�ned in Eq. 42f. Note that the
terminal covariance constraint is relaxed to an LMI to maintain the convexity.

A simpli�ed pseudocode of the iCS developed in this paper is shown in Algorithm 1, and the
block diagram is presented in Figure 2. At each iteration, the convexi�ed problem 42 is solved and
the infeasibility (i.e., thel2-norm of the slack variables) is evaluated. If the ratio of infeasibility
X infeas in the current iteration to that in the previous iteration is lower than a prede�ned threshold
(� ), the solution is accepted, where the reference trajectory and the slack variables are updated.
Furthermore, the weights of the penalty terms in the objective function are increased if the control
costJ u is converging. Moreover, the trust region radius is reduced if the feasibility is below a certain
threshold. If the solution is not accepted (i.e., the infeasibility increases signi�cantly compared to
the previous iteration), the trust region radius is expanded to accommodate a broader search space.
The iteration is terminated when the infeasibility becomes suf�ciently low and the control cost has
converged.
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Algorithm 1 iterative Covariance Steering (iCS) for attitude control

Given: � 0
q;ref;k ; � 0

ref;k ; � 0
ref;k ; i = 1 , i max .

for i = 1 : i max do
Linearize the dynamics and constraints around� q;ref;k ; � ref;k ; � ref;k .
Solve Problem 42 and obtainv �

k ; K �
k ; l �

k ; � �
k ; � �

u;k ; � �
k ; � �

fov;k .

X infeas;i = k[l >
0 ; � u;0; � fov; 0; : : : ; l >

N � 1; � u;N � 1; � fov;N � 1; � fov;N ]k
if X infeas;i =X infeas;i � 1 < � then . Accept the solution

Obtain a reference trajectory� q;ref;k via propagation of nonlinear dynamics withv �
k .

� J i = ( J u;i � J u;i � 1)=J u;i � 1.
if kX infeas;i k < � infeasandk� J uk < � J then

Return v �
k ; K �

k ; l �
k ; � �

k ; � �
u;k ; � �

k ; � �
fov;k .

end if
[� ref;k ; � ref;k ]  [� �

k ; � �
k ].

if k� J i k < � J;0 then
[wvc; wu ; wfov ] = 
 [wvc; wu ; wfov ]

end if
if X infeas;i < � infeas;0 then

r = �r
end if

else . No update in the reference trajectory
r = r=�

end if
end for
Return v �

k ; K �
k ; l �

k ; � �
k ; � �

u;k ; � �
k ; � �

fov;k .

Figure 2: Flowchart of the iCS algorithm. Algorithm 1 provides the corresponding pseudocode
implementation.

RESULTS AND ANALYSIS

In this section, a case study of stochastic attitude control is demonstrated in the RPOD scenario.
In particular, the �nal approach phase from a passively safe relative orbit to a waypoint is consid-
ered, in which the deputy is required to maintain the origin of the chief's principal axes inside its
FOV during the transfer. Both the chief and deputy are at a semi-circular low Earth orbit, where
the initial modi�ed equinoctial orbital elements of the chief are set to� c(t0) = [p; f; g; h; k; L ]
= [6,738e3 km, 4.69e-04, -3.02e-04, 0.250, -0.415, 0.619]. First, a relative translational mo-
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tion is deterministically optimized in the quasi-nonsingular relative orbital elements (ROE,� � =
[�a; ��; �e x ; �ey ; �i x ; �i y ]) space. A two-body boundary value problem with a maximum control
magnitude constraint, which can be formulated as a convex programming using aJ2-perturbed
STM of the ROE,36 is solved: the generated trajectory is treated as a true translational motion in
the case study. Then, the initial guess of the attitude of the deputy is computed using an analytical
pointing condition given by:37

q =
�

q0

qv

�
; q0 =

r
1 � n y � bc

2
; qv =

n y � bcp
1 � n y � bc

: (43)

The initial and terminal quaternions are computed from this equation. After obtaining the reference
attitude trajectory, the reference angular velocity and control histories at each time step are derived
by computing a �nite difference. The parameters used in the iCS algorithm are listed in Table 1. In
this study, the process noise matrixQp;k is assumed to represent an unmodeled acceleration, where
a random perturbation is added to the angular velocity at each time step. The chance constraint is
expected to be satis�ed with more than 95% (� k=0.05) at each time step. Note that variable scaling
signi�cantly impacts the convergence of numerical algorithms. In this implementation, the mean
state is scaled so that each scaled variable is in the range of [-1,1].7 Furthermore, state covariance
matrices are scaled by considering a variable transformation~� p;k := P� p;kP> , where the scaling
matrixP is de�ned to make the initial covariance an identity matrix~� p;0 = I6.32

Table 1: Parameters for the iCS. A block diagonal matrix is denoted asblk diag () .

parameter value
transfer time 0.3 orbit (' 29.2 minutes)

N 30
J blk diag (100,200,300)
� 30 �

bD
c [1; 0; 0]>

� k 0.05 (95 % satisfaction at each time step)
Qp;k blk diag (0,0,0, 1e-9,1e-9,1e-9)
a� � i [0, 10, 20, 0, -20, 0] (m)
a� � f [0, 10, 0, 0, 0, 0] (m)
� q;i [0.696, 0.0, -0.266, -0.666, 0.0, -2.0e-4, -4.0e-4]
� q;f [0.7071, 0.0, 0.0, -0.70711, 0.0, 0.0, 0.0]
� p;i blk diag (2e-4,2e-4,2e-4, 1e-6,1e-6,1e-6)
� p;f blk diag (1e-4,1e-4,1e-4, 5e-7,5e-7,5e-7)
umax 0.003

[wvc; wu ; wfov ] [1e3, 1e3, 1e3]
[�; � (< 1); 
 (> 1)] [3, 0.5, 2]

[� infeas; � J ; � infeas;0; � J;0] [4e-4, 1e-2, 1e-3, 1e-1]

The iCS algorithm converged after 26 iterations, where Figure 3 illustrates the nominal attitude
pro�le of the deputy mapped on the reference translational trajectory with a cone of the camera's
FOV around the camera vector. To examine the performance of the optimized control law, a Monte

14



Carlo simulation is performed for 500 sample trajectories. The optimal feedback control law (cf.
Eq. 24) is impulsively added to the attitude state, which is propagated along the nonlinear dynamics
given by Eqs. 1 and 2 under the initial state uncertainty and the process noise. Other sources of
disturbances (e.g., gravity gradient, drag, etc.) are considered to be integrated into the process noise
in this case study. To assess the benefits of implementing closed-loop control that incorporates a
feedback term, an identical simulation is performed using only the open-loop control vk, which is a
feasible control solution for mean steering in the absence of state uncertainty and process noise.

Figure 3: Nominal roto-translational trajectory in the chief’s RTN coordinate frame. Red, green,
and blue axes represent x, y, and z-axis of the deputy’s principal axes. The FOV is shadowed as a
cone around the camera vector (x-axis). The black dotted curve is the initial relative orbit.

Figure 4 presents the state histories of the Monte Carlo simulation, where Figure 4a illustrates the
trajectories of quaternion and angular velocity with the closed-loop control, and Figure 4b represents
those with the open-loop control that only propagates with the feed-forward control. While the
optimized closed-loop control law successfully steers a bundle of trajectories that reach within the
terminal distribution, the trajectories without the feedback control quickly diverge with the initial
distribution and process noise. The history of the error MRP and error angular velocity obtained
via nonlinear propagation is represented in Figure 5. The sampled trajectories exhibit an overall
symmetry around [�p>; �!>]> = 0, which endorses the effectiveness of the error representation in
the MRP space and its propagation of linear covariance, which was originally nonlinear. The blue
dotted curves represent the 3-� covariance bands, which are the diagonal elements of the covariance
�p;k recovered from the linearized covariance dynamics Eq. 17b. All error states at the final time
step are contained in the 3-� band, achieving the desired terminal distribution. Figure 6 represents
the control history of the trajectory with the closed-loop control term. The control input at each
time step is distributed around the mean control vk (blue dotted curves in the figure), where the
dispersion of the control input converges as the state converges to the terminal distribution.

Figure 7 illustrates the compliance of the simulated trajectories with the FOV constraint. First,
Figure 7a represents the inner product bc � ny of the open-loop (gray) and closed-loop (sky blue)
trajectories, and the red line represents the threshold of the FOV constraint in cos �; states above
this line indicate the satisfaction of the FOV constraint. At time step 20 and 21, 466 (93.2%) and
468 (93.6%) trajectories satisfy the FOV constraint, which are slightly lower than the risk allocated
to the chance constraints at each time step (95% satisfaction) defined in Eq. 35. However, the mean
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